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• La dispersión electrón-protón es una gran herramienta para estudiar la estructura 
del protón. 

• A bajas energías el proceso dominante es la dispersión elástica, donde el protón 
permanece intacto -> permite estudiar propiedades globales del protón 

• A altas energías el proceso dominante es la dispersión inelástica profunda, donde el 
protón se rompe -> permite estudiar la distribución de momento de los quarks 
constituyentes del protón. 

• La naturaleza del proceso  depende de la longitud de onda del fotón 
virtual en comparación con el radio del protón.

e−p → e−p
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• A muy baja energía:  
‣ Electrón no relativista,  

‣  : dispersión elástica del electrón en el potencial 
estático del protón. 

• A energías un poco más altas: 
‣  

‣  : dispersión no puramente electrostática y el cálculo de 
la sección eficaz requiere tener en cuenta la distribución de carga 
Y de momento magnético del protón 

λγ > > rp

e−p → e−p

λγ ∼ rp

e−p → e−p
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!Fig. 7.1 The nature of e−p scattering depending on the wavelength of the virtual photon.

(b) at higher electron energies, where λ ∼ rp, the scattering process is no longer
purely electrostatic in nature and the cross section calculation also needs to
account for the extended charge and magnetic moment distributions of the
proton;

(c) when the wavelength of the virtual photon becomes relatively small, λ < rp,
the elastic scattering cross section also becomes small. In this case, the dom-
inant process is inelastic scattering where the virtual photon interacts with a
constituent quark inside the proton and the proton subsequently breaks up;

(d) at very high electron energies, where the wavelength of the virtual photon
(λ # rp) is sufficiently short to resolve the detailed dynamic structure of the
proton, the proton appears to be a sea of strongly interacting quarks and gluons.

Whilst we will be interested primarily in the high-energy deep inelastic e−p scatter-
ing, the low-energy e−p elastic scattering process provides a valuable introduction
to a number of important concepts.

7.2 Rutherford and Mott scattering

Rutherford and Mott scattering are the low-energy limits of e−p elastic scattering.
In both cases, the electron energy is sufficiently low that the kinetic energy of the
recoiling proton is negligible compared to its rest mass. In this case, the proton can
be taken to be a fixed source of a 1/r electrostatic potential. The cross sections for
Rutherford and Mott scattering are usually derived from non-relativistic scattering
theory using the first-order 〈ψ f |V(r)|ψi〉 term in the perturbation expansion. Here
the cross sections are derived using the helicity amplitude approach of the previous
chapter, treating the proton as if it were a point-like Dirac particle. Provided the
wavelength of the virtual photon is much larger than the radius of the proton, this
is a reasonable approximation.
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• Cuando la   
‣ La sección eficaz elástica se hace pequeña 
‣  : dispersión inelástica donde el fotón virtual  

interactúa con un quark constituyente del protón y éste se  
“rompe”. 

• A muy altas energías: 
‣  

‣  es suficientemente pequeña como para determinar la estructura 
dinámica del protón en forma detallada. 

‣ El protón parece ser un mar de quarks y gluons interactuando fuertemente. 

λγ < rp

e−p → e−p

λγ < < rp

λγ
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• Las dispersiones de Rutherford y Mott son los límites de menor energía de la 
dispersión elástica electrón - protón. 

• La energía del electrón es tan baja que la energía cinética del protón es despreciable 
(comparada con su masa en reposo). 

• El protón se considera como una fuente fija con potencial electrostático 1/r. 

• La sección eficaz la calcularemos tratando al protón como una partícula puntual de 
Dirac (aproximación razonable ya que ) λγ > > rp
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• Vamos a repasar la dispersión de dos partículas puntuales  (la parte 

correspondiente a QED de la dispersión ) 

• Dos formas de proceder:  
‣ Hacemos los cálculos usando las reglas de QED desde  

el comienzo. 
‣ Tomamos el resultado de  y usando la simetría de cruce 

obtenemos el elemento de matriz de  

• El resultado para el elemento de matriz 
al cuadrado:

e−μ− → e−μ−

e−q → e−q

e−e+ → μ−μ+

e−μ− → e−μ−

Prof. M.A. Thomson Michaelmas 2009 148

Particle Physics
Michaelmas Term 2009

Prof Mark Thomson

Handout 5 : Electron-Proton 
Elastic Scattering

Prof. M.A. Thomson Michaelmas 2009 149

Electron-Proton Scattering

(e–q! e–q)

In this handout aiming towards a study of electron-proton
scattering as a probe of the structure of the proton

Two main topics: 

e"p! e"X deep inelastic scattering (handout 6)
e"p! e"p elastic scattering (this handout)

But first consider scattering from a point-like 
particle e.g. e–

#–

e–

#–

e–#–! e–#–

i.e. the QED part of

e–
e–

Two ways to proceed:
perform QED calculation from scratch (Q10 on examples sheet)

take results from e+e–! #+#– and use “Crossing Symmetry” to
obtain the matrix element for e–#–! e–#– (Appendix I)

(1)

Prof. M.A. Thomson Michaelmas 2009 172

Summary: Elastic Scattering
!For elastic scattering of relativistic electrons from a point-like Dirac proton:

Rutherford Proton
recoil

Electric/
Magnetic
scattering

Magnetic term
due to spin

!For elastic scattering of relativistic electrons from an extended proton:

Rosenbluth Formula

!Electron elastic scattering from protons demonstrates that the proton is an 
extended object with rms charge radius of  ~0.8 fm

Prof. M.A. Thomson Michaelmas 2009 173

Appendix I : Crossing Symmetry
! Having derived the Lorentz invariant matrix element for e+e–! !+!–

“rotate” the diagram to correspond to e–!–" e–!– and apply the 
principle of crossing symmetry to write down the matrix element !

!–

e– e–

!–

e–!– ! e–!–

e
+e

–!
!

+!
–

! The transformation:

e–

e+ !–

!#

e+e–! !+!–

Changes the spin averaged matrix element for
e– e+ ! !–!+ e– !– ! e– !–
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Appendix I : Crossing Symmetry
! Having derived the Lorentz invariant matrix element for e+e–! !+!–

“rotate” the diagram to correspond to e–!–" e–!– and apply the 
principle of crossing symmetry to write down the matrix element !

!–

e– e–

!–

e–!– ! e–!–

e
+e

–!
!
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! The transformation:

e–

e+ !–

!#

e+e–! !+!–

Changes the spin averaged matrix element for
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⟨ |ℳfi |
2 ⟩ =

8e4

(p1 − p3)4 [(p1 ⋅ p2)(p3 ⋅ p4) + (p1 ⋅ p4)(p2 ⋅ p3)2)]
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Dispersión de Rutherford 

162 Electron–proton elastic scattering
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ν!Fig. 7.2 Rutherford scattering of an electron from a proton at rest in the laboratory frame and the corresponding
Feynman diagram.

In the limit where the proton is taken to be a point-like Dirac fermion, the matrix
element for the Feynman diagram for low-energy e−p elastic scattering, shown in
Figure 7.2, is given by

M f i =
Qqe2

q2

[
u(p3)γ µu(p1)

]
gµν

[
u(p4)γνu(p2)

]
. (7.1)

From (4.65), the Dirac spinors describing the two possible helicity states of the
electron can be written in the form

u↑ = Ne




c
seiφ

κc
κseiφ




and u↓ = Ne




−s
ceiφ

κs
−κceiφ



,

where Ne =
√

E + me, s = sin (θ/2) and c = cos(θ/2). The parameter κ is given by

κ =
p

E + me
≡ βeγe

γe + 1
,

where βe and γe are respectively the speed and Lorentz factor of the electron. Writ-
ing the electron spinors in terms of the parameter κ clearly differentiates between
the non-relativistic (κ & 1) and highly relativistic (κ ≈ 1) limits. If the velocity
of the scattered proton is small, its kinetic energy can be neglected, and to a good
approximation the energy of the electron does not change in the scattering process.
Hence the same value of κ applies to both the initial- and final-state electron. For
an electron scattering angle θ (see Figure 7.2) and taking the azimuthal angle for
the electrons to be φ = 0, the possible initial- and final-state electron spinors are

u↑(p1) = Ne




1
0
κ
0



, u↓(p1) = Ne




0
1
0
−κ




and u↑(p3) = Ne




c
s
κc
κs



, u↓(p3) = Ne




−s
c
κs
−κc



.

Elemento de matriz correspondiente al diagrama de Feynman: 

                ℳfi =
Qqe2

q2
[ū(p3)γμu(p1)]gμν[ū(p4)γνu(p2)]

u↑ = E + me

c(θ /2)
s(θ /2)eiϕ

p
E + me

c(θ /2)
p

E + me
s(θ /2)eiϕ

u↓ = E + me

−s(θ /2)
c(θ /2)eiϕ

p
E + me

s(θ /2)

− p
E + me

c(θ /2)eiϕ

Espinores de Dirac
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Dispersión de Rutherford 

Los estados posibles iniciales y finales de los espinares del electrón son: 

               

u↑ = E + me

c(θ /2)
s(θ /2)eiϕ

p
E + me

c(θ /2)
p

E + me
s(θ /2)eiϕ

u↓ = E + me

−s(θ /2)
c(θ /2)eiϕ

p
E + me

s(θ /2)

− p
E + me

c(θ /2)eiϕ

θe-

e-

p1

p3

Despreciamos el retroceso del protón 

Consideramos el ángulo azimutal del 
electrón cero ϕ = 0

u↑(p1) = E + me

1
0
p

E + me

0

u↓(p1) = E + me

0
1
0

− p
E + me

u↑(p3) = E + me

c(θ /2)
s(θ /2)

p
E + me

c(θ /2)
p

E + me
s(θ /2)

u↓(p3) = E + me

−s(θ /2)
c(θ /2)
p

E + me
s(θ /2)

− p
E + me

c(θ /2)

Límite no relativista :    (p << E) 
Límite ultra relativista :   (E >> m)

α → 0
α → 1α
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Dispersión de Rutherford 

Calculemos todas las posibles corrientes de electrón 

RR      

LL       

RL      

LR      
               

ū↑(p3)γμu↑(p1) = (E + me)[(α2 + 1)c(θ/2),2αs(θ/2), − 2iαs(θ/2),2αc(θ/2)]

ū↓(p3)γμu↓(p1) = (E + me)[(α2 + 1)c(θ/2),2αs(θ/2), − 2iαs(θ/2),2αc(θ/2)]

ū↑(p3)γμu↓(p1) = (E + me)[(1 − α2)s(θ/2),0,0,0]

ū↑(p3)γμu↓(p1) = (E + me)[(α2 − 1)s(θ/2),0,0,0]

θe-

e-

p1

p3
ℳfi =

Qqe2

q2
[ū(p3)γμu(p1)]gμν[ū(p4)γνu(p2)]
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Dispersión de Rutherford 

Los estados posibles iniciales y finales de los espinares del electrón son: 

               

u↑ = E + me

c(θ /2)
s(θ /2)eiϕ

p
E + me

c(θ /2)
p

E + me
s(θ /2)eiϕ

u↓ = E + me

−s(θ /2)
c(θ /2)eiϕ

p
E + me

s(θ /2)

− p
E + me

c(θ /2)eiϕ

θe-

e-

p1

p3

Despreciamos el retroceso del protón 

Consideramos el ángulo azimutal del 
electrón cero ϕ = 0

u↑(p1) = E + me

1
0
p

E + me

0
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0
1
0

− p
E + me
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c(θ /2)
s(θ /2)

p
E + me

c(θ /2)
p

E + me
s(θ /2)
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c(θ /2)
p

E + me
s(θ /2)

− p
E + me

c(θ /2)
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Dispersión de Rutherford 

En el límite no relativista: 

RR = LL               

RL = LR               

Los espinores del protón en estado inicial y final son (soluciones de la ecuación de Dirac para una partícula en reposo) 

             

               

ū↑(p3)γμu↑(p1) = ū↓(p3)γμu↓(p1) = (2me)[c(θ/2),0,0,0]

ū↑(p3)γμu↓(p1) = ū↓(p3)γμu↑(p1) = (2me)[s(θ/2),0,0,0]

u↑(0) = 2Mp

1
0
0
0

u↓(0) = 2Mp

0
1
0
0

θe-

e-

p1

p3
ℳfi =

Qqe2

q2
[ū(p3)γμu(p1)]gμν[ū(p4)γνu(p2)]

ū↑(p4)γμu↑(p2) = ū↓(p4)γμu↓(p2) = (2Mp)[1,0,0,0]

ū↑(p4)γμu↓(p2) = ū↓(p4)γμu↑(p2) = 0
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Dispersión de Rutherford 

Podemos calcular el elemento de matriz promediado en espín 
sumando sobre los 8 estados permitidos de helicidad: 

              

              

           

< |ℳ2
fi | > =

1
4

Σ |ℳ2
fi | =

1
4

e4

q4
4M2

p4m2
e (4c2(θ/2) + 4s2(θ/2))

< |ℳ2
fi | > =

16M2
pm2

e e4

q4
=

M2
pm2

e e4

| ⃗p |4 sin4(θ/2)

θe-

e-

p1

p3
ℳfi =

Qqe2

q2
[ū(p3)γμu(p1)]gμν[ū(p4)γνu(p2)]

ū↑(p4)γμu↑(p2) = ū↓(p4)γμu↓(p2) = (2Mp)[1,0,0,0]

ū↑(p4)γμu↓(p2) = ū↓(p4)γμu↑(p2) = 0

ū↑(p3)γμu↑(p1) = ū↓(p3)γμu↓(p1) = (2me)[c(θ /2),0,0,0]

ū↑(p3)γμu↓(p1) = ū↓(p3)γμu↑(p1) = (2me)[s(θ /2),0,0,0]

q2 = (p1 − p3)2 = (0, ⃗p 1 − ⃗p 3)2 = − 4 | ⃗p |sin2(θ /2)

E1 = E3 = E

p1 = p3 = p
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Dispersión de Rutherford 

La sección eficaz diferencial en el sistema de referencia del 
laboratorio: 

                                            

                               

                                 

               

dσ
dΩ

=
1

64π2 ( 1
mp + E1 − E1 cos θ )2 < |ℳ2

fi | > E1 ∼ me < < mp

dσ
dΩ

=
1

64π2m2
p

< |ℳ2
fi | > =

m2
e e4

64π2p4 sin4(θ/2)

( dσ
dΩ )Rutherford

=
α2

16E2
K sin4(θ/2)

θe-

e-

p1

p3

EK = p2 /2me

e2 = 4πα

En el límite no relativista, sólo la interacción entre 
las cargas eléctricas del electrón y protón contribuyen 
al proceso de dispersión. 
No hay contribución significativa de la interacción 
magnética espín-espín
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Dispersión de Mott 

Es el límite cuando el electrón es relativista pero el retroceso  
del protón puede ser despreciado 

Teníamos las corrientes del electrón: 

RR      

LL       

RL      

LR      
               

ū↑(p3)γμu↑(p1) = (E + me)[(α2 + 1)c(θ/2),2αs(θ/2), − 2iαs(θ/2),2αc(θ/2)]

ū↓(p3)γμu↓(p1) = (E + me)[(α2 + 1)c(θ/2),2αs(θ/2), − 2iαs(θ/2),2αc(θ/2)]

ū↑(p3)γμu↓(p1) = (E + me)[(1 − α2)s(θ/2),0,0,0] = 0

ū↑(p3)γμu↓(p1) = (E + me)[(α2 − 1)s(θ/2),0,0,0] = 0

θe-

e-

p1

p3
ℳfi =

Qqe2

q2
[ū(p3)γμu(p1)]gμν[ū(p4)γνu(p2)]

En este caso:  
 

 
Dos de las posibles corrientes del electrón 
son cero ->  
la helicidad del electrón se conserva 

me < < E < < mp

α ∼ 1

ū↑(p3)γμu↑(p1) = 2E[c(θ /2), s(θ /2), − is(θ /2), c(θ /2)]
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Dispersión de Mott

La sección eficaz diferencial en el sistema de referencia del 
laboratorio: 

                                           

                                  

               

dσ
dΩ

=
1

64π2 ( 1
mp + E1 − E1 cos θ )2 < |ℳ2

fi | >

( dσ
dΩ )Mott

=
α2

4E2 sin4(θ/2)
cos2(θ/2)

θe-

e-

p1

p3

Podríamos haber obtenido esta expresión de la  
dispersión de electrones en un potencial estático desde 
Un punto fijo en el espacio V(r) 
No hay contribución significativa de la interacción 
magnética espín-espín

Hasta aquí no hemos tenido en cuenta la distribución 
de carga del protón.
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Factores de forma

• Las dispersiones de Rutherford y Mott pueden ser calculadas utilizando la teoría de 
perturbaciones a primer orden para la dispersión de un objeto puntual en un potencial 
de Coloumb. 

• Para tener en cuenta la extensión finita de la distribución de carga del protón vamos a 
introducir un factor de forma. 

• Cualitativamente, el factor de forma tiene en cuenta las diferentes contribuciones a 
la función de onda dispersada provenientes de diferentes puntos de la distribución de 
carga.                                     
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Factores de forma

• Consideremos la dispersión de un electrón en el                                 
   potencial estático de una distribución de carga  
   extendida. 

• El potencial a distancia  del origen es: 

                                              

• Las funciones de onda del estado inicial y del electrón dispersado son 
                                      
                                         y   
                              

⃗r

V( ⃗r ) = ∫
Qρ( ⃗r′ )

4π | ⃗r − ⃗r′ |
d3 ⃗r′ 

ψi = ei( ⃗p 1⋅ ⃗r−Et) ψf = ei( ⃗p 3⋅ ⃗r−Et)

166 Electron–proton elastic scattering

spin-less nucleus. Again it can be concluded that the contribution to the scattering
process from a purely magnetic spin–spin interaction is negligible.

7.3 Form factors

The Rutherford and Mott scattering formulae of (7.13) and (7.14) can be calcu-
lated from first-order perturbation theory for scattering in the Coulomb potential
from a point-like object. To account for the finite extent of the charge distribution
of the proton, this treatment must be modified by introducing a form factor. Qual-
itatively, the form factor accounts for the phase differences between contributions
to the scattered wave from different points of the charge distribution, as indicated
in Figure 7.3. If the wavelength of the virtual photon is much larger than the radius
of the proton, the contributions to the scattered wave from each point in the charge
distribution will be in phase and therefore add constructively. When the wavelength
is smaller than the radius of the proton, the phases of the scattered waves will have a
strong dependence on the position of the part of the charge distribution responsible
for the scattering. In this case, when integrated over the entire charge distribution,
the negative interference between the different contributions greatly reduces the
total amplitude.

The mathematical expression for the form factor (which is not a Lorentz-invariant
concept) can be derived in the context of first-order perturbation theory. Consider
the scattering of an electron in the static potential from an extended charge distri-
bution, as indicated in Figure 7.4. The charge density can be written as Q ρ(r′),

!Fig. 7.3 A cartoon indicating the origin of the form factor in elastic scattering.

e-

e-
p1

p3

V (r)

r

r - r!

r!!Fig. 7.4 The potential due to an extended charge distribution.

Qρ( ⃗r′ ) Densidad de carga en 
términos de la carga  
total Q y la distribución 
de carga normalizada a  
la unidad.
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Factores de forma

• El elemento de matriz a orden más bajo para la dispersión es: 

                      

• Usando que  y la expresión para el potencial: 

          

                              

ℳfi = ⟨ψf |V( ⃗r ) |ψi⟩ = ∫ e−i ⃗p 3⋅ ⃗rV( ⃗r )ei ⃗p 1⋅ ⃗rd3 ⃗r

⃗q = ( ⃗p 1 − ⃗p 3)

ℳfi = ∫ ∫ ei ⃗q ⋅ ⃗r Qρ( ⃗r′ )
4π | ⃗r − ⃗r′ |

d3r′ d3 ⃗r = ∫ ∫ ei ⃗q ⋅( ⃗r− ⃗r′ )ei ⃗q ⋅ ⃗r′ 
Qρ( ⃗r′ )

4π | ⃗r − ⃗r′ |
d3r′ d3 ⃗r

⃗R
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Factores de forma

                                         

                              

ℳfi = ∫ ei ⃗q ⋅ ⃗R Q

4π | ⃗R |
d3 ⃗R ∫ ρ( ⃗r′ )ei ⃗q ⋅ ⃗r′ d3r′ 

Dispersión debido a 
un potencial de  
partícula puntual

Factor de forma

ℳfi = (Mfi)puntualF( ⃗q 2) F( ⃗q 2) = ∫ ρ( ⃗r )ei ⃗q ⋅ ⃗rd3 ⃗r

El tamaño finito del centro de dispersión introduce  
una diferencia de fase entre las ondas planas  
“dispersión de diferentes puntos en el espacio”.
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Factores de forma

La sección eficaz de Mott queda: 

                                         

                              

( σ
Ω )Mott

→
α2

4E2 sin4 θ/2
cos2 θ

2
|F( ⃗q 2) |2

168 Electron–proton elastic scattering

point-like exponential uniform
sphere

Fermi
function

|q2|

|F (q2)|

Gaussian

flat “dipole” Gaussian “sinc-like”

Dirac fermion proton 6Li nucleus 40Ca nucleus

r

r(r)

!Fig. 7.5 Possible three-dimensional charge distributions and the corresponding form factors plotted as a
function of q2.

the charge distribution then q · r ≈ 0 over the entire volume integral. In this case,
the scattering cross section is identical to that for a point-like object and therefore,
regardless of the form of the charge distribution, F(0) = 1. In the limit where the
wavelength is very small compared with the size of the charge distribution, the
phases of the contributions from different regions of the charge distribution will
vary rapidly and will tend to cancel and F(q2 → ∞) = 0. Thus, for any finite
size charge distribution, the elastic scattering cross section will tend to zero at high
values of q2. The exact form of F(q2) depends on the charge distribution; some
common examples and the corresponding form factors are shown in Figure 7.5.
For a point-like particle, F(q2) = 1 for all q.

7.4 Relativistic electron–proton elastic scattering

In the above calculations of the Rutherford and Mott elastic scattering cross sec-
tions, it was assumed that the recoil of the proton could neglected. This a reasonable
approximation provided |q| $ mp. In this low-energy limit, it was inferred that the
contribution to the scattering process from the pure magnetic spin–spin interaction
is negligibly small. For electron–proton elastic scattering at higher energies, the
recoil of the proton cannot be neglected and the magnetic spin–spin interaction
becomes important.

For the general case, the four-momenta of the initial- and final-state particles,
defined in Figure 7.6, can be written as

p1 = (E1, 0, 0, E1), (7.18)

p2 = (mp, 0, 0, 0), (7.19)

p3 = (E3, 0, E3 sin θ, E3 cos θ), (7.20)

p4 = (E4,p4). (7.21)

El factor de forma es la transformada 
de Fourier tridimensional de la 
distribución de carga. 
Si  >> tamaño de la distribución de 
Q -> F(0) =1 (objeto puntual)

λfoton

( dσ
dΩ )Mott

=
α2

4E2 sin4(θ/2)
cos2(θ/2)
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Dispersión electrón-protón relativista

• Consideremos el caso de dispersión a mayores energías donde el retroceso del 
protón no puede ser despreciado y la interacción magnética espín-espín es 
importante.   

• Escribamos los momentos:          

• Considerando:                                           
                              

m2
e ∼ 0

169 7.4 Relativistic electron–proton elastic scattering

p
p

y

z

e-

e- q

p4

p3

p1!Fig. 7.6 The kinematics of electron–proton scattering in the proton rest frame.

Here the energy of the scattered electron is no longer equal to that of the incident
electron. Assuming that the electron energy is sufficiently large that terms of O(m2

e)
can be neglected, and (initially) treating the proton as a point-like Dirac particle,
the matrix element for the elastic scattering process e−p→ e−p is given by (6.67)

〈|M f i|2〉 =
8e4

(p1 − p3)4

[
(p1.p2)(p3.p4) + (p1.p4)(p2.p3) − m2

p(p1.p3)
]
. (7.22)

7.4.1 Scattering kinematics

In most electron–proton elastic scattering experiments, the final-state proton is not
observed. Consequently, the matrix element of (7.22) is most usefully expressed in
terms of the experimental observables, which are the energy and scattering angle
of the electron. To achieve this, the final-state proton four-momentum p4 can be
eliminated using energy and momentum conservation, p4 = p1+ p2− p3. From the
definitions of the four-momenta in (7.18)−(7.20), the four-vector scalar products
in (7.22) which do not involve p4 are

p2 ·p3 = E3mp, p1 ·p2 = E1mp and p1 ·p3 = E1E3(1 − cos θ).

The two terms involving p4, which can be rewritten using p4 = p1 + p2 − p3, are

p3 ·p4 = p3 ·p1 + p3 ·p2 − p3 ·p3 = E1E3(1 − cos θ) + E3mp,

p1 ·p4 = p1 ·p1 + p1 ·p2 − p1 ·p3 = E1mp − E1E3(1 − cos θ),

where the terms p1 ·p1 = p3 ·p3 = m2
e have been been dropped. Hence, the matrix

element of (7.22), expressed in terms of the energy of the final-state electron E3

and the scattering angle θ is

〈|M f i|2〉 =
8e4

(p1 − p3)4 mpE1E3

[
(E1 − E3)(1 − cos θ) + mp[(1 + cos θ)

]

=
8e4

(p1 − p3)4 2mpE1E3

[
(E1 − E3) sin2 θ

2
+ mp cos2 θ

2

]
. (7.23)

The four-momentum squared of the virtual photon, q2 = (p1 − p3)2, also can be
expressed in terms of E3 and θ using

q2 = (p1 − p3)2 = p2
1 + p2

3 − 2p1 ·p3 ≈ −2E1E3(1 − cos θ), (7.24)

p1 = (E1,0,0,E1)

p2 = (mp,0,0,0)

p3 = (E3,0,E3 sin θ, E3 cos θ)

p4 = (E4, ⃗p 4)

⟨ |ℳfi |
2 ⟩ =

8e4

(p1 − p3)4 [(p1 ⋅ p2)(p3 ⋅ p4) + (p1 ⋅ p4)(p2 ⋅ p3) − m2
p(p1 ⋅ p3)]
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Dispersión electrón-protón relativista

• Un poco de cinemática …    

‣ En la mayoría de experimentos de dispersión elástica e-protón, el estado final de protón no 
se observa -> expresaremos los términos en función de los observables experimentales -> 
energía y ángulo de dispersión del electrón.                           
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Here the energy of the scattered electron is no longer equal to that of the incident
electron. Assuming that the electron energy is sufficiently large that terms of O(m2

e)
can be neglected, and (initially) treating the proton as a point-like Dirac particle,
the matrix element for the elastic scattering process e−p→ e−p is given by (6.67)

〈|M f i|2〉 =
8e4

(p1 − p3)4

[
(p1.p2)(p3.p4) + (p1.p4)(p2.p3) − m2

p(p1.p3)
]
. (7.22)

7.4.1 Scattering kinematics

In most electron–proton elastic scattering experiments, the final-state proton is not
observed. Consequently, the matrix element of (7.22) is most usefully expressed in
terms of the experimental observables, which are the energy and scattering angle
of the electron. To achieve this, the final-state proton four-momentum p4 can be
eliminated using energy and momentum conservation, p4 = p1+ p2− p3. From the
definitions of the four-momenta in (7.18)−(7.20), the four-vector scalar products
in (7.22) which do not involve p4 are

p2 ·p3 = E3mp, p1 ·p2 = E1mp and p1 ·p3 = E1E3(1 − cos θ).

The two terms involving p4, which can be rewritten using p4 = p1 + p2 − p3, are

p3 ·p4 = p3 ·p1 + p3 ·p2 − p3 ·p3 = E1E3(1 − cos θ) + E3mp,

p1 ·p4 = p1 ·p1 + p1 ·p2 − p1 ·p3 = E1mp − E1E3(1 − cos θ),

where the terms p1 ·p1 = p3 ·p3 = m2
e have been been dropped. Hence, the matrix

element of (7.22), expressed in terms of the energy of the final-state electron E3

and the scattering angle θ is

〈|M f i|2〉 =
8e4

(p1 − p3)4 mpE1E3

[
(E1 − E3)(1 − cos θ) + mp[(1 + cos θ)

]

=
8e4

(p1 − p3)4 2mpE1E3

[
(E1 − E3) sin2 θ

2
+ mp cos2 θ

2

]
. (7.23)

The four-momentum squared of the virtual photon, q2 = (p1 − p3)2, also can be
expressed in terms of E3 and θ using

q2 = (p1 − p3)2 = p2
1 + p2

3 − 2p1 ·p3 ≈ −2E1E3(1 − cos θ), (7.24)

⟨ |ℳfi |
2 ⟩ =

8e4

(p1 − p3)4 [(p1 ⋅ p2)(p3 ⋅ p4) + (p1 ⋅ p4)(p2 ⋅ p3) − m2
p(p1 ⋅ p3)]

p4 = p1 + p2 − p3

p1 ⋅ p2 = E1mp

p2 ⋅ p3 = E3mp

p1 ⋅ p3 = E1E3(1 − cos θ )

p1 ⋅ p4 = E1mp − E1E3(1 − cos θ )

p3 ⋅ p4 = E1E3(1 − cos θ ) + E3mp

⟨ |ℳfi |
2 ⟩ =

8e4

(p1 − p3)4
2mpE1E3[(E1 − E3)sin2 θ

2
+ mp cos2 θ

2 ]

q2 = (p1 − p3)2 = p2
1 + p2

3 − 2p1 ⋅ p3 ≈ − 2E1E3(1 − cos θ )

p1 ⋅ p1 = p3 ⋅ p3 = me → 0
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Dispersión electrón-protón relativista

Podemos escribir a la energía perdida por el electrón en términos de Q2: 

Sección eficaz:  
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Here the energy of the scattered electron is no longer equal to that of the incident
electron. Assuming that the electron energy is sufficiently large that terms of O(m2

e)
can be neglected, and (initially) treating the proton as a point-like Dirac particle,
the matrix element for the elastic scattering process e−p→ e−p is given by (6.67)

〈|M f i|2〉 =
8e4

(p1 − p3)4

[
(p1.p2)(p3.p4) + (p1.p4)(p2.p3) − m2

p(p1.p3)
]
. (7.22)

7.4.1 Scattering kinematics

In most electron–proton elastic scattering experiments, the final-state proton is not
observed. Consequently, the matrix element of (7.22) is most usefully expressed in
terms of the experimental observables, which are the energy and scattering angle
of the electron. To achieve this, the final-state proton four-momentum p4 can be
eliminated using energy and momentum conservation, p4 = p1+ p2− p3. From the
definitions of the four-momenta in (7.18)−(7.20), the four-vector scalar products
in (7.22) which do not involve p4 are

p2 ·p3 = E3mp, p1 ·p2 = E1mp and p1 ·p3 = E1E3(1 − cos θ).

The two terms involving p4, which can be rewritten using p4 = p1 + p2 − p3, are

p3 ·p4 = p3 ·p1 + p3 ·p2 − p3 ·p3 = E1E3(1 − cos θ) + E3mp,

p1 ·p4 = p1 ·p1 + p1 ·p2 − p1 ·p3 = E1mp − E1E3(1 − cos θ),

where the terms p1 ·p1 = p3 ·p3 = m2
e have been been dropped. Hence, the matrix

element of (7.22), expressed in terms of the energy of the final-state electron E3

and the scattering angle θ is

〈|M f i|2〉 =
8e4

(p1 − p3)4 mpE1E3

[
(E1 − E3)(1 − cos θ) + mp[(1 + cos θ)

]

=
8e4

(p1 − p3)4 2mpE1E3

[
(E1 − E3) sin2 θ

2
+ mp cos2 θ

2

]
. (7.23)

The four-momentum squared of the virtual photon, q2 = (p1 − p3)2, also can be
expressed in terms of E3 and θ using

q2 = (p1 − p3)2 = p2
1 + p2

3 − 2p1 ·p3 ≈ −2E1E3(1 − cos θ), (7.24)

⟨ |ℳfi |
2 ⟩ =

8e4

(p1 − p3)4
2mpE1E3[(E1 − E3)sin2 θ

2
+ mp cos2 θ

2 ]

q2 = (p1 − p3)2 = p2
1 + p2

3 − 2p1 ⋅ p3 ≈ − 2E1E3(1 − cos θ) = − 4E1E3 sin2 θ
2

Q2 ≡ = − q2 = 4E1E3 sin2 θ
2

E1 − E3 =
Q2

2mp
⟨ |ℳfi |

2 ⟩ =
m2

pe4

E1E3 sin4(θ/2) [cos2 θ
2

+
Q2

2m2
p

sin2 θ
2 ]

dσ
dΩ

=
α2

4E2
1 sin4(θ/2)

E3

E1
[cos2 θ

2
+

Q2

2m2
p

sin2 θ
2 ]



Dispersión elástica electrón-protón

25

Dispersión electrón-protón relativista

169 7.4 Relativistic electron–proton elastic scattering

p
p

y

z

e-

e- q

p4

p3

p1!Fig. 7.6 The kinematics of electron–proton scattering in the proton rest frame.

Here the energy of the scattered electron is no longer equal to that of the incident
electron. Assuming that the electron energy is sufficiently large that terms of O(m2

e)
can be neglected, and (initially) treating the proton as a point-like Dirac particle,
the matrix element for the elastic scattering process e−p→ e−p is given by (6.67)

〈|M f i|2〉 =
8e4

(p1 − p3)4

[
(p1.p2)(p3.p4) + (p1.p4)(p2.p3) − m2

p(p1.p3)
]
. (7.22)

7.4.1 Scattering kinematics

In most electron–proton elastic scattering experiments, the final-state proton is not
observed. Consequently, the matrix element of (7.22) is most usefully expressed in
terms of the experimental observables, which are the energy and scattering angle
of the electron. To achieve this, the final-state proton four-momentum p4 can be
eliminated using energy and momentum conservation, p4 = p1+ p2− p3. From the
definitions of the four-momenta in (7.18)−(7.20), the four-vector scalar products
in (7.22) which do not involve p4 are

p2 ·p3 = E3mp, p1 ·p2 = E1mp and p1 ·p3 = E1E3(1 − cos θ).

The two terms involving p4, which can be rewritten using p4 = p1 + p2 − p3, are

p3 ·p4 = p3 ·p1 + p3 ·p2 − p3 ·p3 = E1E3(1 − cos θ) + E3mp,

p1 ·p4 = p1 ·p1 + p1 ·p2 − p1 ·p3 = E1mp − E1E3(1 − cos θ),

where the terms p1 ·p1 = p3 ·p3 = m2
e have been been dropped. Hence, the matrix

element of (7.22), expressed in terms of the energy of the final-state electron E3

and the scattering angle θ is

〈|M f i|2〉 =
8e4

(p1 − p3)4 mpE1E3

[
(E1 − E3)(1 − cos θ) + mp[(1 + cos θ)

]

=
8e4

(p1 − p3)4 2mpE1E3

[
(E1 − E3) sin2 θ

2
+ mp cos2 θ

2

]
. (7.23)

The four-momentum squared of the virtual photon, q2 = (p1 − p3)2, also can be
expressed in terms of E3 and θ using

q2 = (p1 − p3)2 = p2
1 + p2

3 − 2p1 ·p3 ≈ −2E1E3(1 − cos θ), (7.24)

dσ
dΩ

=
α2

4E2
1 sin4(θ/2)

E3

E1
[cos2 θ

2
+

Q2

2m2
p

sin2 θ
2 ]

Este término aparece 
por considerar el re- 
troceso del protón

Este término aparece 
debido a la interacción 
espín-espín

Aunque la sección eficaz depende de Q2, E3, y  -> sólo hay una variable independiente: Q2 y E3 se  
pueden expresar en función del ángulo de dispersión. 

θ

E1

E3
=

mp

mp + E1(1 − cos θ)
q2 = −

2mpE2
1(1 − cos θ)

mpE1(1 − cos θ)
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Tamaño finito del protón

En general el tamaño finito del protón se puede modelar introduciendo dos funciones de estructura 

➡  Una tiene en cuenta la distribución de carga del protón    
➡  La otra relacionada a la distribución de momento magnético del protón  

La sección eficaz diferencial para este caso es (fórmula de Rosenbluth)

GE(q2)
GM(q2)

dσ
dΩ

=
α2

4E2
1 sin4(θ/2)

E3

E1
( G2

E + τG2
M

(1 + τ)
cos2 θ

2
+ 2τG2

M sin2 θ
2 ) τ =

Q2

4m2
p

Los factores de forma  y  son funciones del cuadrado del cuadri-momento q2 del fotón 
virtual (a diferencia de antes que dependian de ) -> no pueden interpretarse como la transformada 
de Fourier de las distribuciones de carga y de momento magnético.

GE(q2) GM(q2)
⃗q 2
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Tamaño finito del protón

Sin embargo: 

                                                          

Si                               entonces       ->          

➡  En el límite  podemos interpretar las funciones de estructura in términos de la transformadas 

de Fourier   

                                      

q2 = (E1 − E3)2 − ⃗q 2 − ⃗q 2 = q2[1 − ( q
2mp

)2]

q2

4m2
p

≪ 1 q2 ≈ − ⃗q 2 GE(q2) ≈ G( ⃗q 2)

q2

4m2
p

≪ 1

GE(q2) ≈ GE( ⃗q 2) = ∫ ei ⃗q ⋅ ⃗rρ( ⃗r )d3 ⃗r

GM(q2) ≈ GM( ⃗q 2) = ∫ ei ⃗q ⋅ ⃗rμ( ⃗r )d3 ⃗r ⃗μ =
e

mp

⃗S
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Tamaño finito del protón

GE(q2) ≈ GE( ⃗q 2) = ∫ ei ⃗q ⋅ ⃗rρ( ⃗r )d3 ⃗r GM(q2) ≈ GM( ⃗q 2) = ∫ ei ⃗q ⋅ ⃗rμ( ⃗r )d3 ⃗r

⃗μ =
e
m

⃗S

El momento magnético de una partícula de Dirac puntual está relacionada con su espín:

El valor medido experimentalmente para el momento anómalo magnético del protón es:

⃗μ = 2.79
e

mp

⃗S

Por lo tanto al normalizar:

GE(0) = ∫ ρ( ⃗r )d3 ⃗r = 1 GM(0) = ∫ μ( ⃗r )d3 ⃗r = + 2.79
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¿Cómo medimos las funciones de estructura?

( dσ
dΩ )0

=
α2

4E2
1 sin4(θ/2)

E3

E1

La sección eficaz diferencial del proceso elástico e-p -> e-p depende de ambas distribuciones. 
Podemos escribirla como: 

A Q2 bajo -> , el factor de forma eléctrico es el que domina   , and  es  

equivalente al factor de forma   

τ ≪ 1
dσ
dΩ /( dσ

dΩ )0
≈ G2

E G2
E

|F( ⃗q 2) |

A Q2 alto -> , el término magnético de espín-espín domina y   τ ≫ 1
dσ
dΩ /( dσ

dΩ )0
≈ (1 + 2τ tan2 θ

2
)G2

m

dσ
dΩ

= ( dσ
dΩ )0(

G2
E + τG2

M

(1 + τ)
cos2 θ

2
+ 2τG2

M sin2 θ
2 )
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¿Cómo medimos las funciones de estructura?
En general, podemos inferir la dependencia en Q2 de las funciones de estructura de experimentos  
de dispersión elástica e-p variando la energía del haz de electrones. 

Para cada energía del haz, se mide la sección eficaz diferencial para cada ángulo correspondiente al valor de  
Q2 particular.

174 Electron–proton elastic scattering

tan2(q/2)E1/MeV
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!Fig. 7.7 Low energy e−p→ e−p elastic scattering data. Data from Hughes et al. (1965).

shows the measured e−p → e−p differential cross sections for six different scatter-
ing angles and a range of beam energies. The five data points that are highlighted
all correspond to e−p → e−p elastic scattering at Q2 = 0.292 GeV2. In this way,
the cross section can be measured at fixed Q2 but over a range of scattering angles.
Figure 7.7b shows, for the five data points with Q2 = 0.292 GeV2, the measured
cross sections normalised to the expected Mott cross section of (7.36), plotted as
a function of tan2(θ/2). The observed linear dependence on tan2(θ/2) is expected
from (7.35), where it can be seen that the gradient and intercept with the y-axis are
given respectively by

m = 2τ
[
GM(Q2)

]2
and c =

[
GE(Q2)

]2
+ τ

[
GM(Q2)

]2

(1 + τ)
.

Hence, the data shown in Figure 7.7b can be used to extract measurements of both
GE(Q2) and GM(Q2) at Q2 = 0.292 GeV2 (see Problem 7.6). A similar analysis
can be applied to cross section measurements corresponding to different values
of Q2, providing an experimental determination of the electric and magnetic form
factors of the proton over a range of Q2 values, as shown in Figure 7.8a. The fact
that the measured form factors decrease with Q2 provides a concrete experimental
demonstration that the proton has finite size. The shape of GM(Q2) closely follows
that of GE(Q2), showing that the charge and magnetic moment distributions within
the proton are consistent. Furthermore, the measured values extrapolated to Q2 = 0
are in agreement with the expectations of GE(0) = 1 and GM(0) = 2.79. Finally,
Figure 7.8b shows measurements of GM(Q2) at Q2 values up to 32 GeV2. For these
data recorded at higher values of Q2, the contribution from GE(Q2) is strongly
suppressed and only GM(Q2) can be measured.

5 puntos con  GeV2 para  
diferentes energías del haz y diferentes 
ángulos de dispersión. 

La dependencia lineal con la  es la  
esperada : 

   y   

  

 

Q2 = 0.292

tan2(θ/2)

m = 2τ[GM(Q2)]2

c =
[GE(Q2)]2 + τ[GM(Q2)]2

(1 + τ)

Hughes et al., Phys. Rev. 139 (1965)B458
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¿Cómo medimos las funciones de estructura?
También podemos hacer un análisis similar con las mediciones de la sección eficaz correspondiente a  
diferentes valores de Q2 que nos da una determinación experimental de los factores de forma del protón 
a medida que Q2 varía

El hecho que los factores de forma decrezcan 
con Q2 demuestra que el protón tiene tamaño 
finito. 

La forma de  es muy parecida a la de  
, lo que muestra que las distribuciones de  

Carga y momento magnético dentro del protón son 
consistentes. 

Los valores medidos extrapolados a  están  
De acuerdo con    y  .  

 

GM(Q2)
GE(Q2)

Q2 = 0
GM(0) = 2.79 GE(0) = 1

Hughes et al., Phys. Rev. 139 (1965)B458

175 7.5 The Rosenbluth formula
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!Fig. 7.8 (a) Measurements of GE(Q2) and GM(Q2) from e−p → e−p elastic scattering data at low Q2, adapted from
Hughes et al. (1965) and references therein. (b) Measurements of GM(Q2) at higher Q2, data from Walker et al.
(1994) (solid circles) and Sill et al. (1993) (open circles). The curves correspond to the dipole function described
in the text.

The data shown in Figures 7.8a and 7.8b are reasonably well parameterised by
the empirically determined “dipole function”

GM(Q2) = 2.79GE(Q2) ≈ 2.79
1

(1 + Q2/0.71 GeV2)2 . (7.37)

By taking the Fourier transform of the dipole function for GE(Q2), which provides
a good description of the low Q2 data where Q2 ≈ q2, the charge distribution of
the proton is determined to be

ρ(r) ≈ ρ0e−r/a,

with a ≈ 0.24 fm. This experimentally determined value for a corresponds to a
proton root-mean-square charge radius of 0.8 fm.

7.5.2 Elastic scattering at high Q2

At high Q2, the electron–proton elastic scattering cross section of (7.35) reduces to
(

dσ
dΩ

)

elastic
∼ α2

4E2
1 sin4(θ/2)

E3

E1




Q2

2m2
p
G2

M sin2 θ

2


 .

From (7.37) it can be seen that in the high-Q2 limit, GM(Q2) ∝ Q−4 and therefore
(

dσ
dΩ

)

elastic
∝ 1

Q6

(
dσ
dΩ

)

Mott
.
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