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• Tanto en mecánica clásica como cuántica las leyes de conservación están asociadas 
con simetrías del Hamiltoniano. 

• En el caso de la Física de partículas es natural considerar estas ideas en el 
contexto de la mecánica cuántica. 

• Una simetría del Universo puede ser expresada requiriendo que todas las 
predicciones físicas sean invariantes ante la transformación de la función de onda: 

                                                 operador de rotaciones finitas de los ejes coordenados 

• La forma de  está restringida por la condición de que todas las predicciones 
físicas se mantengan sin cambios ante la transformación de simetría.

ψ → ψ′ = Ûψ Û

Û
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• Una condición necesaria es que las normalizaciones de la función de onda 
permanezcan sin cambios: 
          

• También los autoestados de un sistema deben permanecer sin cambios bajo la 
transformación -> el hamiltoniano también posee esa simetría   

• Para que todas las predicciones físicas permanezcan invariantes ante la 
transformación de simetría también se requiere que todos los elementos de matriz 
permanezcan invariantes: 
                       

< ψ |ψ > = < ψ′ |ψ′ > = < Ûψ | Ûψ > = < ψ | Û†Û |ψ > Û†Û = I

Ĥ → Ĥ′ = Ĥ

< ψ | Ĥ |ψ > = < ψ′ | Ĥ |ψ′ > = < ψ | Û†ĤÛ |ψ >

Operador debe 
ser unitario!

Û†ĤÛ = Ĥ

ÛÛ†ĤÛ = ÛĤ → ĤÛ = ÛĤ

[Ĥ, Û] = 0  conmuta con el HamiltanianoÛ
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• Consideremos una transformación infinitesimal   
                                                                           

• Entonces la unitariedad: 

                        

• Para cada simetría del Hamiltoniano hay una operación de simetría correspondiente 
con un generador  hermítico asociado. 

• Los autoestados del operador son reales y entonces el operador  está asociado 
con una cantidad observada. 

• Como  conmuta con el hamiltoniano ->   
                                         

Û(ϵ) = I + iϵĜ

ÛÛ† = (1 + iϵĜ)(1 − iϵĜ†) = 1 + iϵ(Ĝ − Ĝ†) + O(ϵ2) = 1 Ĝ = Ĝ†

Ĝ

Ĝ

Û [Ĥ, Ĝ] = 0

  es el generador de la transformación 
 es un parámetro infinitesimal

Ĝ
ϵ
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• En mecánica cuántica la evolución en el tiempo del valor esperado del operador es: 
                      

                                                                

• Por cada simetría del Hamiltoniano, hay una cantidad observable conservada G! 

                                       Simetría  ley de conservación                      

• Para cada simetría del Hamiltoniano hay una operación de simetría correspondiente 
con un generador  hermítico asociado. 

• Los autoestados del operador son reales y entonces el operador  está asociado 
con una cantidad observada.

d
dt

< Ĝ > = i⟨[Ĥ, Ĝ]⟩ →
d
dt

< Ĝ > = 0

⟷

Ĝ

Ĝ
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• Ejemplo: invariancia traslacional en una dimensión. 

• El Hamiltoniano para un sistema de partículas depende de las velocidades y de la 
distancia relativa entre partículas -> no cambia frente una transformación que 
traslada todas las partículas en un distancia infinitesimal:                                                             
                                                      

• La transformación de la función de onda es: 

        expansión de Taylor    

      

                                                                   

x → x + ϵ

ψ(x) → ψ′ (x) = ψ(x + ϵ) → ψ(x) +
∂ψ
∂x

ϵ + O(ϵ2)

ψ′ = (1 + iϵ
∂
∂x

)ψ(x) ψ′ = (1 + iϵ ̂px)ψ(x)

̂px = − i
∂
∂x

El generador de la transformación 
de simetría es el operador cuántico 

. 
La invariancia traslacional del  
Hamiltoniano implica la conservación 
del momento. 

̂px
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• En general una operación de simetría puede depender de mas de un parámetro: 

                                                

• Ejemplo: caso de una traslación infinitesimal en el espacio 3-dimensional: 

                                      

• Transformaciones finitas 
                                                     

• Cualquier transformación finita puede ser expresada como una serie de 
transformaciones infinitesimales: 

                                     

Û = 1 + i ⃗ϵ ⋅ ⃗G

Û = 1 + i ⃗ϵ ⋅ ̂p ≡ 1 + iϵx ̂px + iϵy ̂py + iϵz ̂pz

Û(α) = lim
n→∞

(1 + i
1
n

⃗α ⋅ ⃗G)n = ei ⃗α ⋅ ⃗G
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• Traslación finita  en una dimensión: 

                                                 

• La transformación de la función de onda: 

                                       

                                               

                                              

Û(α) = lim
n→∞

(1 + i
1
n

⃗α ⋅ ⃗G)n = ei ⃗α ⋅ ⃗G

x → x + x0

Û(x0) = eix0 ̂px = ex0
∂
∂x

ψ′ (x) = Ûψ(x) = ex0
∂
∂x ψ(x)

= (1 + x0
∂
∂x

+
x2

0

2!
∂2

∂x2
+ . . . )ψ(x)

= ψ(x) +
∂ψ
∂x

+
x2

0

2!
∂2ψ
∂x2

+ . . .

Expansión de Taylor esperada 
para   ψ(x + x0)
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Simetría de sabor😋  

• En los primeros estudios de física nuclear se comprobó que protones y neutrones 
tienen masa similar y que la fuerza nuclear es aproximadamente independiente de la 
carga -> el potencial fuerte es :   

                                                      

• Para reflejar esta simetría observada de la fuerza nuclear se propuso que protón y 
neutrón podrían ser dos estados de un nucleón (análogo al espín up y down de una 
partícula de espín ) : 

                                                    

Vpp ≈ Vnn ≈ Vnp

1/2

p = (1
0) n = (0

1)
‣ Se introduce la idea de Isospín  
‣ Protón y neutrón forman un doblete 
de Isospín  
‣ Isospín total , 

I

I = 1/2 I3 + ±1/2
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Simetría de sabor😋  

• La interacción de QCD trata a todos los sabores de quarks por igual -> la interacción 
fuerte posee una simetría de sabor similar a la nuclear.                                                    

• Para un sistema de quarks podemos escribir el Hamiltoniano como: 

                                                 

Si   y   -> el hamiltoniano posee simetría de sabor up-down (ud) 
-> nada cambiaría si todos los quarks up se reemplazaran por quarks down y viceversa. 

• Consecuencia: la existencia de un estado de quarks ligado uud implica un estado ddu con 
la misma masa.

Ĥ = Ĥ0 + Ĥfuerte + Ĥem

mu ≈ md Ĥem < < Ĥfuerte
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Simetría de sabor: un poco de matemática 

• Estados up and down en un espacio abstracto de sabor:          y   .                                                    

• Expresamos la invariancia de la interacción fuerte ante el cambio  como una 
invariancia ante rotaciones en el espacio abstracto de Isospín: 

                                                

• Una matriz general de 2x2 depende de 4 números complejos, puede ser descripta en 
términos de 8 números reales. 

• La condición   -> impone 4 restricciones -> 8 - 4 = 4 matrices independientes 

u = (1
0) d = (0

1)
u ↔ d

(u′ 

d′ ) = Û (u
d) = (U11 U12

U21 U22) (u
d)

ÛÛ† = I
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Simetría de sabor: un poco de matemática 

• Una de las matrices es:              no es una transformación de sabor!                                            

• Las 3 matrices restantes unitarias forman un grupo SU(2) con la propiedad det U= 1.        
                                                      

• Las matrices que representan a  del grupo SU(2)  son linealmente independientes con 
la identidad y sin traza. 

• Una posible elección de estas 3 matrices generadoras de la simetría de sabor ud son 
las matrices de Pauli: 

                 ,        ,         

Û1 = (1 0
0 1) eiϕ

Û = 1 + iϵĜ
Ĝ

σ1 = (0 1
1 0) σ2 = (0 −i

i 0 ) σ3 = (1 0
0 −1)

Generadores hermíticos

La simetría de sabor propuesta para 
la interacción fuerte tiene las  
mismas propiedades de transforma- 
ción que el espín.
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Simetría de sabor: un poco de matemática 

• El isospín se define en términos de las matrices de Pauli   .                                                    

• La transformación finita en el espacio de sabor up-down se escribe en términos de la 
transformación unitaria:    

                                                              

• Una transformación unitaria general es una rotación en el espacio de sabor. 
• Esta transformación equivale a re-etiquetar el quark up como una combinación lineal del 

quark up y down.

̂T =
1
2

σ

Û = eiα⋅ ̂T

(u′ 

d′ ) = eiα⋅ ̂T (u
d) α ⋅ ̂T = α1

̂T1 + α2
̂T2 + α3

̂T3
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Algebra de Isospín 

• Generadores de SU(2) definen un álgebra de Lie no abeliana. 
• Los tres generadores del grupo, que corresponden a observables físicos, satisfacen: 
                                    ,    ,                

• El operador total de isospín es :  , es hermítico -> corresponde a un 
observable físico. 

• Debido a que los tres operadores no conmutan entre sí, sus observables no pueden ser 
“observados” simultáneamente. 

• Los estados de isospín se pueden etiquetar en términos del isospín total I y su tercera 
componente I3. 

• Los autoestados de isospín son análogos a los autoestados del momento angular:

[ ̂T1, ̂T2] = i ̂T3 [ ̂T2, ̂T3] = i ̂T1 [ ̂T3, ̂T1] = i ̂T2

̂T2 = ̂T2
1 + ̂T2

2 + ̂T2
3

| l, m > → | I, I3 >
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Algebra de Isospín 

•                                        

• En términos de isospín,  los quarks up y down están representados por: 

                              y               

• Los quarks up y down son los estados de un multiplete de espín 1/2 con tercera 
componente de isospín +1/2 y -1/2.

̂T | I, I3 > = I(I + 1) | I, I3 > ̂T3 | I, I3 > = I3 | I, I3 >

u = (1
0) =

1
2

,
1
2 ⟩ d = (0

1) =
1
2

, −
1
2 ⟩

214 Symmetries and the quark model

d u
I3

+−1
2-−1

2!Fig. 9.1 The isospin one-half multiplet consisting of an up-quark and a down-quark.

T- T+

I3!Fig. 9.2 The isospin ladder operators step along the states in I3 within an isospin multiplet.

commute with each other, the corresponding observables cannot be known simul-
taneously (see Section 2.3.4). Hence, isospin states can be labelled in terms of the
total isospin I and the third component of isospin I3. These isospin states φ(I, I3)
are the mathematical analogues of the angular momentum states |l,m〉 and have the
properties

T̂ 2φ (I, I3) = I(I + 1)φ (I, I3) and T̂3φ (I, I3) = I3φ (I, I3).

In terms of isospin, the up-quark and down-quark are represented by

u =
(
1
0

)
= φ

(
1
2 ,+

1
2

)
and d =

(
0
1

)
= φ

(
1
2 ,− 1

2

)
.

The up- and down-quarks are the two states of an isospin one-half multiplet with
respective third components of isospin +1

2 and − 1
2 as indicated in Figure 9.1.

Isospin ladder operators
The isospin ladder operators, analogous to the quantum mechanical angular momen-
tum ladder operators, defined as

T̂− ≡ T̂1 − iT̂2 and T̂+ ≡ T̂1 + iT̂2,

have the effect of moving between the (2I + 1) states within an isospin multiplet,
as indicated in Figure 9.2. The action the ladder operators on a particular isospin
state are

T̂+φ (I, I3) =
√

I(I + 1) − I3(I3 + 1) φ (I, I3 + 1), (9.4)

T̂−φ (I, I3) =
√

I(I + 1) − I3(I3 − 1) φ (I, I3 − 1), (9.5)

where the coefficients were derived in Section 2.3.5. For an isospin multiplet with
total isospin I, the ladder operators have the effect of raising or lowering the third
component of isospin. The action of the ladder operators on the extreme states with
I3 = ±I yield zero,

T̂−φ (I,−I) = 0 and T̂+φ (I,+I) = 0.
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Algebra de Isospín: Operadores de isospín “escalera” 

•  Podemos definir los operadores escalera:  
                              y                                                  

                                

                                

• Los operadores escalera tienen el efecto de subir o bajar la tercera componente del 
isospín  
                                             
                                          

• Los operadores escalera convierten   y  

̂T− ≡ ̂T1 − i ̂T2
̂T+ ≡ ̂T1 + i ̂T2

̂T+ | I, I3 > = I(I + 1) − I3(I3 + 1) | I, I3 >
̂T− | I, I3 > = I(I + 1) − I3(I3 − 1) | I, I3 >

̂T+u = 0 ̂T+d = u ̂T−u = d ̂T−d = 0

u → d d → u

214 Symmetries and the quark model

d u
I3

+−1
2-−1

2!Fig. 9.1 The isospin one-half multiplet consisting of an up-quark and a down-quark.

T- T+

I3!Fig. 9.2 The isospin ladder operators step along the states in I3 within an isospin multiplet.

commute with each other, the corresponding observables cannot be known simul-
taneously (see Section 2.3.4). Hence, isospin states can be labelled in terms of the
total isospin I and the third component of isospin I3. These isospin states φ(I, I3)
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In terms of isospin, the up-quark and down-quark are represented by

u =
(
1
0

)
= φ

(
1
2 ,+

1
2

)
and d =

(
0
1

)
= φ

(
1
2 ,− 1

2

)
.

The up- and down-quarks are the two states of an isospin one-half multiplet with
respective third components of isospin +1

2 and − 1
2 as indicated in Figure 9.1.

Isospin ladder operators
The isospin ladder operators, analogous to the quantum mechanical angular momen-
tum ladder operators, defined as

T̂− ≡ T̂1 − iT̂2 and T̂+ ≡ T̂1 + iT̂2,

have the effect of moving between the (2I + 1) states within an isospin multiplet,
as indicated in Figure 9.2. The action the ladder operators on a particular isospin
state are

T̂+φ (I, I3) =
√

I(I + 1) − I3(I3 + 1) φ (I, I3 + 1), (9.4)

T̂−φ (I, I3) =
√

I(I + 1) − I3(I3 − 1) φ (I, I3 − 1), (9.5)

where the coefficients were derived in Section 2.3.5. For an isospin multiplet with
total isospin I, the ladder operators have the effect of raising or lowering the third
component of isospin. The action of the ladder operators on the extreme states with
I3 = ±I yield zero,

T̂−φ (I,−I) = 0 and T̂+φ (I,+I) = 0.



Formación de hadrones

17

Combinación de quarks 

• Las reglas para combinar isospín para un sistema de dos quarks son idénticas a las de 
suma de adición del momento angular. 

• I3 suma como un escalar e I se suma como la magnitud de un vector.   

• Para dos estados de isospín y que son combinadas, el resultado es:                                

                                      y         
                               

• Combinaciones de dos quarks: utilizamos las reglas para combinar isospín -> combinamos 
dos quarks livianos: 
                                           

| Ia, Ia
3 > | Ib, Ib

3 >

I3 = Ia
3 + Ib

3 | Ia − Ib | ≤ I ≤ | Ia + Ib |

uu ≡
1
2

,
1
2 ⟩ 1

2
,

1
2 ⟩ = 1,1⟩ dd ≡

1
2

, −
1
2 ⟩ 1

2
, −

1
2 ⟩ = 1, − 1⟩
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Combinación de quarks 

• Las combinaciones ud y du con I3=0 no son autoestados del isospín total. 
• Para obtenerlas se utilizan los operadores escalera: 

       ->     

• El estado |0,0> es una combinación lineal de ud  y du ortogonal con |1,0>             
                                        

• Las 4 posibles combinaciones se descomponen en un triplete con I=1 y un singlete con I=0                

T− |1, + 1 > = 2 |1,0 > = T−(uu) = ud + du |1,0 > =
1

2
(ud + du)

|0,0 > =
1

2
(ud − du)

215 9.3 Combining quarks into baryons

Therefore, the effects of the isospin ladder operators on the u- and d-quarks are

T̂+u = 0, T̂+d = u, T̂−u = d and T̂−d = 0.

9.3 Combining quarks into baryons

The strong interaction Hamiltonian does not distinguish between up- and down-
quarks, therefore in the limit where the up- and down-quark masses are the same,
physical predictions involving the strong interaction alone are symmetric under
unitary transformations in this space. The conserved observable quantities, corre-
sponding to the generators of this symmetry are I3 and I. Because I3 and I are
conserved in strong interactions, the concept of isospin is useful in describing low-
energy hadron interactions. For example, isospin arguments can be used to explain
the observation that the decay rate for ∆+ → pπ0 is twice that for ∆0 → nπ0 (see
Problem 9.3). Here the concept of isospin will be used to construct the flavour
wavefunctions of baryons (qqq) and mesons (qq).

The rules for combining isospin for a system of two quarks are identical to those
for the addition of angular momentum. The third component of isospin is added as
a scalar and the total isospin is added as the magnitude of a vector. If two isospin
states φ

(
Ia, Ia

3

)
and φ

(
Ib, Ib

3

)
are combined, the resulting isospin state φ (I, I3) has

I3 = Ia
3 + Ib

3 and |Ia − Ib| ≤ I ≤ |Ia + Ib|.

These rules can be used to identify the possible isospin states formed from two
quarks (each of which can be either an up- or down-quark). The third component
of isospin is the scalar sum of I3 for the individual quarks, and hence the I3 assign-
ments of the four possible combinations of two light quarks are those of Figure 9.3.
The isospin assignments for the extreme states immediately can be identified as

uu ≡ φ
(

1
2 ,

1
2

)
φ
(

1
2 ,

1
2

)
= φ (1,+1) and dd ≡ φ

(
1
2 ,− 1

2

)
φ
(

1
2 ,− 1

2

)
= φ (1,−1).

This identification is unambiguous, since a state with I3 = ±1 must have I ≥ 1
and the maximum total isospin for a two-quark state is I = 1. The quark combina-
tions ud and du, which both have I3 = 0, are not eigenstates of total isospin. The

dd

-1 0 +1
I3

ud, du uu!Fig. 9.3 The I3 assignments for the four possible combinations of two up- or down-quarks. There are two states with
I3 = 0 (indicated by the point and circle) ud and du.

uu ≡
1
2

,
1
2 ⟩ 1

2
,

1
2 ⟩ = 1,1⟩ dd ≡

1
2

, −
1
2 ⟩ 1

2
, −

1
2 ⟩ = 1, − 1⟩ |1,0 > =

1

2
(ud + du) |0,0 > =

1

2
(ud − du)

2 ⊗ 2 = 3 ⊕ 1
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Combinación de quarks 

• Para formar un barión agregamos un quark u o d más a estos estos estados singlete y triplete. 
•  se suma como escalar -> -3/2, -1/2, +1/2, +3/2I3

216 Symmetries and the quark model

⊕
dd (ud + du) (ud - du)uu

0+1-1 0
I3 I3

T± T±

1
2√

1
2√!Fig. 9.4 The isospin eigenstates for the combination of two quarks.

ddd uuu
uudddu

⊕ I3I3

(ud − du)d(ud + du)d (ud + du)u (ud - du)u1
2√

1
2√

1
2√

1
2√

−1
2+−3

2+−1
2+−1

2-−3
2- −1

2-!Fig. 9.5 The I3 assignments of three-quark states built from the qq triplet and singlet states.

appropriate linear combination corresponding to the I = 1 state can be identified
using isospin ladder operators,

T̂−φ (1,+1) =
√

2φ (1, 0) = T̂−(uu) = ud + du,

and thus

φ (1, 0) = 1√
2
(ud + du).

The φ (0, 0) state can be identified as the linear combination of ud and du that is
orthogonal to φ (1, 0), from which

φ (0, 0) = 1√
2
(ud − du). (9.6)

Acting on the I = 0 singlet state of (9.6) with either T̂+ or T̂− gives zero, confirming
that it is indeed the φ (0, 0) state, for example

T̂+ 1√
2
(ud − du) = 1√

2

(
[T̂+u]d + u[T̂+d] − [T̂+d]u − d[T̂+u]

)

= 1√
2
(uu − uu) = 0.

The four possible combinations of two isospin doublets therefore decomposes into
a triplet of isospin-1 states and a singlet isospin-0 state, as shown in Figure 9.4.
This decomposition can be written as 2 ⊗ 2 = 3 ⊕ 1. It should be noted that the
isospin-0 and isospin-1 states are physically different; the isospin-1 triplet is sym-
metric under interchange of the two quarks, whereas the isospin singlet is antisym-
metric.

The isospin states formed from three quarks can be obtained by adding an up-
or down-quark to the qq isospin singlet and triplet states of Figure 9.4. Since I3

adds as a scalar, the I3 assignments of the possible combinations are those shown
in Figure 9.5. The two states built from the I = 0 singlet will have total isospin
I = 1/2, whereas those constructed from the I = 1 triplet can have either I = 1/2
or I = 3/2. Of the six combinations formed from the triplet, the extreme ddd and

I = 1/2 -> dobleteI = 1/2 -> doblete 
I = 3/2 -> cuadruplete

3
2

, +
3
2 ⟩ = uuu

3
2

, −
3
2 ⟩ = ddd

3
2

, +
1
2 ⟩ =

1

3
(uud + udu + duu)

3
2

, −
1
2 ⟩ =

1

3
(ddu + dud + udd )

1
2

, +
1
2 ⟩ =

1

6
(2uud − udu − duu)

1
2

, −
1
2 ⟩ =

1

6
(2ddu − udd − dud )

1
2

, +
1
2 ⟩ =

1

2
(udu − duu)

1
2

, −
1
2 ⟩ =

1

2
(udd − dud )

Simétrico 
ante  
intercambio 
de cualquier 
par de  
quarks Simetría mixta:  

Simétrico ante 1 <-> 2

Simetría mixta:  
Anti-simétrico  
ante 1 <-> 2
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Combinación de quarks: estados de espín 

• Podemos aplicar exactamente la misma matemática para encontrar las posibles combinaciones de 
espín 

• La combinación de 3 partículas de espín 1/2 se construye de la misma manera que para el caso de 
isospín y es:

3
2

, +
3
2 ⟩ = ↑ ↑ ↑

3
2

, +
1
2 ⟩ =

1

3
( ↑ ↑ ↓ + ↑ ↓ ↑ + ↓ ↑ ↑ )

3
2

, −
1
2 ⟩ =

1

3
( ↓ ↓ ↑ + ↓ ↑ ↓ + ↑ ↓ ↓ )

1
2

, +
1
2 ⟩ =

1

6
(2 ↑ ↑ ↓ − ↑ ↓ ↑ − ↓ ↑ ↑ )

1
2

, −
1
2 ⟩ =

1

6
(2 ↓ ↓ ↑ − ↑ ↓ ↓ − ↓ ↑ ↓ )

1
2

, +
1
2 ⟩ =

1

2
( ↑ ↓ ↑ − ↓ ↑ ↑ )

1
2

, −
1
2 ⟩ =

1

2
( ↑ ↓ ↓ − ↓ ↑ ↓ )

3
2

, −
3
2 ⟩ = ↓ ↓ ↓
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Estado fundamental de las funciones de onda de bariones 

• Existen 8 posibles estados de isospín para un sistema de 3 quarks y 8 posibles estados de espín -> 
64 combinaciones posibles de estado de sabor y de espín. 

• Además de las componentes de sabor y espín de la función de onda hay que tener en cuenta las 
correspondientes al contenido de color y espacial. 

• La función general de un estado ligado de qqq que tiene en cuenta todos los grados de libertad es: 

                                                       

• Como los quarks son Fermiones, se requiere que   sea antisimétrica frente al intercambio de 
cualesquiera de dos quarks -> pone restricciones sobre cada función de onda. 

ψ = ϕsabor χespinξcolorηespacial

ψ
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Estado fundamental de las funciones de onda de bariones 
                                                  
• La función de onda de color es necesariamente totalmente antisimétrica. 

• Consideraremos el estado fundamental -> no hay momento angular orbital interno -> L=0 -> la 
función de onda espacial es simétrica -> la combinación de color-espacial es antisimétrica.    
          

• Esto implica que la combinación  debe ser simétrica! 

• Una forma de armar un producto totalmente simétrico es combinar las funciones de onda 
simétricas de espín con las funciones de onda simétricas de isospín 

ϕsabor χespin
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The possible forms of the flavour and spin parts of the wavefunction are respec-
tively given by (9.8)–(9.15) and (9.16)–(9.23). There are two ways to construct a
totally symmetric combination of φflavour and χspin. Firstly, the totally symmetric
flavour wavefunctions of (9.8)–(9.11) can be combined with the totally symmetric
spin wavefunctions of (9.16)–(9.19) to give four spin- 3

2 , isospin- 3
2 baryons. These

are known as the ∆-baryons with the flavour wavefunctions shown in Figure 9.7.
The second way to construct a totally symmetric φflavour χspin wavefunction is to

note that the combinations of mixed symmetry wavefunctions, φSχS and φAχA, are
both symmetric under interchange of quarks 1↔ 2. However, neither combination
on its own has a definite symmetry under the interchange of quarks 1 ↔ 3 and
2↔ 3. Nevertheless, it is easy to verify that the linear combination

ψ = 1√
2
(φSχS + φAχA) (9.25)

is symmetric under the interchange of any two quarks, as required. Here the two
possible flavour states correspond to the spin-half proton (uud) and neutron (ddu).
Therefore, from (9.25), the wavefunction for a spin-up proton can be identified as

|p↑〉 = 1√
2

[
φS

(
1
2 ,+

1
2

)
χS

(
1
2 ,+

1
2

)
+ φA

(
1
2 ,+

1
2

)
χA

(
1
2 ,+

1
2

)]

= 1
6
√

2
(2uud− udu− duu)(2 ↑↑↓ − ↑↓↑ − ↓↑↑) + 1

2
√

2
(udu− duu)(↑↓↑ − ↓↑↑),

which when written out in full is

|p↑〉 = 1√
18

(2u↑u↑d↓−u↑u↓d↑−u↓u↑d↑
+ 2u↑d↓u↑−u↑d↑u↓−u↓d↑u↑
+ 2d↓u↑u↑−d↑u↑u↓−d↑u↓u↑). (9.26)

The fully antisymmetric version of the proton wavefunction would include the anti-
symmetric colour wavefunction, which itself has six terms, giving a wavefunction
with a total of 54 terms with different combinations of flavour, spin and colour. In
practice, the wavefunction of (9.26) is sufficient to calculate the physical properties
of the proton.

Da lugar a 4 partículas de espín-3/2 e isospín-3/2. 
Se las conoce como los bariones Δ

ψ = ϕsabor χespinξcolorηespacial
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Estado fundamental de las funciones de onda de bariones 

• La otra forma es combinar las funciones de onda de espín e isospín con simetría mixta de forma 
tal que ambas sean simétricas o asimétricas al intercambiar 1 <-> 2. 

• No resulta suficiente, ya que no tienen simetría definida al intercambiar 1 <-> 3. 

• Existe una combinación lineal:      -> simétrico ante el intercambio de 

cualesquiera dos quarks. 
• Los dos posibles estados de sabor son el protón y el neutrón

ψ =
1

2
(ϕS χS + ϕA χA)

ψ = ϕsabor χespinξcolorηespacial
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Representación de Isospín de los antiquarks 

• Podemos aplicar una transformación de conjugación de carga al doblete de isospín  y 

escribir el doblete de isospín de antiquarks: 

• Efecto de los operadores escalera:

q = (u
d)

222 Symmetries and the quark model
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!Fig. 9.8 The isospin representation of d and u quarks and d and u antiquarks.

Hence, by placing the antiquarks in an SU(2) doublet defined by

q ≡
(
−d
u

)
,

the antiquarks transform in exactly the same manner as the quarks. The ordering of
the d and u in the doublet and the minus sign in front of the d, ensure that quarks and
antiquarks behave in the same way under SU(2) flavour transformations and that
physical predictions are invariant under the simultaneous transformations of the
form u ↔ d and u ↔ d. The I3 assignments of the quark and antiquark doublets
are shown in Figure 9.8. The effect of the isospin ladder operators on the antiquark
doublet can be seen to be

T+u = −d, T+d = 0, T−u = 0 and T−d = −u.

It is important to note that, in general, it is not possible to place the quarks and
antiquarks in the same representation; this is a feature SU(2). It cannot be applied
to the SU(3) flavour symmetry of Section 9.6.

Meson states
A meson is a bound state of a quark and an antiquark. In terms of isospin, the
four possible states formed from up- and down-quarks/antiquarks can be expressed
as the combination of an SU(2) quark doublet and an SU(2) antiquark doublet.
Using the isospin assignments of Figure 9.8, the du state immediately can be iden-
tified as the qq isospin state, φ (1,−1). The two other members of the isospin triplet
can be identified by application of the isospin ladder operator T̂+ leading to

φ (1,−1) = du,

φ (1, 0) = 1√
2
(uu − dd),

φ (1,+1) = −ud.

The isospin singlet, which must be orthogonal to the φ (1, 0) state, is therefore

φ (0, 0) = 1√
2

(
uu + dd

)
.

This decomposition into an isospin triplet and an isospin singlet, shown in
Figure 9.9, is expressed as 2 ⊗ 2 = 3 ⊕ 1, where the 2 is the isospin representa-
tion of the quark doublet and the 2 is the isospin representation of an antiquark

q = (u
d) q̄ = (−d̄

ū ) El orden de  y  y su signo en el doblete aseguran que: 
‣ quarks y antiquarks se comportan de la misma 
   manera ante transformaciones de SU(2) de sabor y 
‣ las predicciones físicas son invariantes ante  
  transformaciones simultáneas de u <-> d y   <-> 

ū d̄

ū d̄

                       ̂T+ū = − d̄ ̂T+d̄ = 0 ̂T−ū = 0 ̂T−d̄ = − ū
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Mesones 
                                                  
• Un mesón es un estado ligado de quark y antiquark. En términos de isospín, los 4 posibles estados 

se pueden expresar como combinación de los dobletes quark y antiquark de SU(2). 

                                        

• Utilizando los opereradores escalera podemos hallar el tercer estado del triplete:     
                  ->               

• Y el singlete lo obtenemos por ortogonalidad :          

|1, + 1 > =
1
2

, +
1
2 ⟩ 1

2
, +

1
2 ⟩ = − ud̄ |1, − 1 > =

1
2

, −
1
2 ⟩ 1

2
, −

1
2 ⟩ = dū

̂T− |1, + 1 > |1,0 > =
1

2
(uū − dd̄ )

|0,0 > =
1

2
(uū + dd̄ )223 9.6 SU(3) %avour symmetry

⊕
00 +1-1

I3 I3

T± T±

du (uu - dd)1
2√

-ud (uu + dd)1
2√

d

!Fig. 9.9 The qq isospin triplet and singlet states.

doublet (in the language of group theory the quark doublet is a fundamental repre-
sentation of SU(2) and the antiquark doublet is the conjugate representation). The
action of the isospin raising and lowering operators on the φ (0, 0) state both give
zero, confirming that it is indeed a singlet state.

9.6 SU(3) $avour symmetry

The SU(2) flavour symmetry described above is almost exact because the difference
in the masses of the up- and down-quarks is small and the Coulomb interaction
represents a relatively small contribution to the overall Hamiltonian compared to
the strong interaction. It is possible to extend the flavour symmetry to include the
strange quark. The strong interaction part of the Hamiltonian of (9.2) treats all
quarks equally and therefore possesses an exact uds flavour symmetry. However,
since the mass of the strange quark is different from the masses of the up- and
down-quarks, the overall Hamiltonian is not flavour symmetric. Nevertheless, the
difference between ms and mu/d, which is of the order 100 MeV, is relatively small
compared to the typical binding energies of baryons, which are of order 1 GeV. It is
therefore possible to proceed as if the overall Hamiltonian possessed a uds flavour
symmetry. However, the results based on this assumption should be treated with
care as, in reality, the symmetry is only approximate.

The assumed uds flavour symmetry can be expressed by a unitary transformation
in flavour space




u′

d′

s′


 = Û




u
d
s


 =




U11 U12 U13

U21 U22 U23

U31 U32 U33







u
d
s


 .

In general, a 3 × 3 matrix can be written in terms of nine complex numbers, or
equivalently 18 real parameters. There are nine constraints from requirement of
unitarity, Û†Û = I. Therefore Û can be expressed in terms of nine linearly inde-
pendent 3 × 3 matrices. As before, one of these matrices is the identity matrix
multiplied by a complex phase and is not relevant to the discussion of transforma-
tions between different flavour states. The remaining eight matrices form an SU(3)
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doublet can be seen to be
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It is important to note that, in general, it is not possible to place the quarks and
antiquarks in the same representation; this is a feature SU(2). It cannot be applied
to the SU(3) flavour symmetry of Section 9.6.

Meson states
A meson is a bound state of a quark and an antiquark. In terms of isospin, the
four possible states formed from up- and down-quarks/antiquarks can be expressed
as the combination of an SU(2) quark doublet and an SU(2) antiquark doublet.
Using the isospin assignments of Figure 9.8, the du state immediately can be iden-
tified as the qq isospin state, φ (1,−1). The two other members of the isospin triplet
can be identified by application of the isospin ladder operator T̂+ leading to

φ (1,−1) = du,

φ (1, 0) = 1√
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(uu − dd),

φ (1,+1) = −ud.

The isospin singlet, which must be orthogonal to the φ (1, 0) state, is therefore
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Figure 9.9, is expressed as 2 ⊗ 2 = 3 ⊕ 1, where the 2 is the isospin representa-
tion of the quark doublet and the 2 is the isospin representation of an antiquark

⊗
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SU(3) de sabor😋  
                                                  
• Es posible extender la simetría de sabor para incluir el quark strange “s”. 

• La parte de interacción fuerte del Hamiltoniano  trata a todos los quarks de 
igual forma y por lo tanto posee simetría de sabor uds exacta.                                      

• Sin embargo, como la masa del quark s es diferente a la masa de los quarks u y d, el Hamiltoniano 
total no es simétrico frente a transformaciones de sabor.              

• Debido a que  MeV es relativamente pequeña comparada con la energía de ligadura 
de los bariones del orden de 1 GeV -> vamos a proceder como si el Hamiltoniano tuviera la simetría  
de sabor uds. (Tener en mente que la simetría es sólo aproximada).       

Ĥ = Ĥ0 + Ĥfuerte + Ĥem

ms − mu/d ≈ 100
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SU(3) de sabor😋  
                                                  
• La simetría de sabor uds se puede expresar en el espacio de sabor como: 

                                              

• Las matrices de 3x3 se escriben en términos de 9 números complejos -> 18 números reales. 

• 9 restricciones que vienen de  -> 18 - 9 = 9 ->  puede ser expresada en términos de 9 
matrices de 3x3 linealmente independientes.  

• Una de esas matrices es la identidad x fase compleja -> no relevante. 

• Las 8 matrices restantes forman un grupo de SU(3).

u′ 
d′ 
s′ 

= Û (
u
d
s) =

U11 U12 U13
U21 U22 U23
U31 U32 U33

(
u
d
s)

Û†Û Û
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SU(3) de sabor😋  
                                                  
• Las matrices se pueden expresar en términos de 8 generadores independientes hermíticos . 

• Los generadores se escriben en términos de 8 matrices  ->                                             

• Las matrices actúan sobre las representaciones de SU(3) de u, d y s. 
                                                                                          

• El grupo SU(3) uds de simetría de sabor contiene al subgrupo de SU(2) u <-> d de simetría de 
sabor -> 3 de las matrices   corresponden a la simetría de isospín de SU(2): 

                                                        

̂Ti

λ ̂T =
1
2

λ

u = (
1
0
0) d = (

0
1
0) s = (

0
0
1)

λ

λ1 = (
0 1 0
1 0 0
0 0 0) λ2 = (

0 −i 0
i 0 0
0 0 0) λ3 = (

1 0 0
0 −1 0
0 0 0)

Matrices de Pauli
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SU(3) de sabor😋  
                                                  
                                                                 

• La tercera componente del isospín es:   ->            ,      ,  

• Los operadores de subida y bajada de isospín se definen como :  

• Las matrices  restantes se obtienen teniendo en cuenta que la simetría SU(3) también contienen 
los subgrupos SU(2) u<->s y SU(2) d<->s, los cuales también se expresan en función de las 
matrices de Pauli.

λ1 = (
0 1 0
1 0 0
0 0 0) λ2 = (

0 −i 0
i 0 0
0 0 0) λ3 = (

1 0 0
0 −1 0
0 0 0)

̂T3 =
1
2

λ3
̂T3u = +

1
2

u ̂T3d = −
1
2

d ̂T3s = 0

T± =
1
2

(λ1 ± iλ2)

λ

             λ4 = (
0 0 1
0 0 0
1 0 0) λ5 = (

0 0 −i
0 0 0
i 0 0 ) λX = (

1 0 0
0 0 0
0 0 −1)              λ6 = (

0 0 0
0 0 1
0 1 0) λ7 = (

0 0 0
0 0 −i
0 i 0 ) λY = (

0 0 0
0 1 0
0 0 −1)

 u <-> s  d <-> s
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SU(3) de sabor😋  
                                                  
                                                                 

• De estas 9 matrices sólo 8 son independientes -> alguna de las matrices diagonales  
puede ser escrita en función de las otras dos. 

• Como la simetría u <-> d es exacta, nos quedamos con  y usamos una combinación lineal de : 
• Las 8 matrices utilizadas para representar los generadores de la simetría SU(3): matrices de 

Gellman

λ1 = (
0 1 0
1 0 0
0 0 0) λ2 = (

0 −i 0
i 0 0
0 0 0) λ3 = (

1 0 0
0 −1 0
0 0 0)

λ3, λX, λY

λ3 λX, λY

             λ4 = (
0 0 1
0 0 0
1 0 0) λ5 = (

0 0 −i
0 0 0
i 0 0 ) λX = (

1 0 0
0 0 0
0 0 −1)              λ6 = (

0 0 0
0 0 1
0 1 0) λ7 = (

0 0 0
0 0 −i
0 i 0 ) λY = (

0 0 0
0 1 0
0 0 −1)

λ1 = (
0 1 0
1 0 0
0 0 0)

λ2 = (
0 −i 0
i 0 0
0 0 0)

λ3 = (
1 0 0
0 −1 0
0 0 0)

λ4 = (
0 0 1
0 0 0
1 0 0)

λ5 = (
0 0 −i
0 0 0
i 0 0 )

λ6 = (
0 0 0
0 0 1
0 1 0)

λ7 = (
0 0 0
0 0 −i
0 i 0 )

λ8 =
1

3 (
1 0 0
0 1 0
0 0 −2)
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SU(3) de sabor😋 : estados 
                                                  
• De los 8 generadores de SU(3) sólo  y  conmutan y describen cantidades observables 

compatibles -> además del isospín total, los estados de SU(3) se describen en términos de los 
autoestados de las matrices  y . 

• Los números cuánticos correspondientes son la tercera componente del isospín y la hipercarga de 
sabor definidos por los operadores: 
                                                             

• El contenido de sabor de un estado está identificado únicamente por: 

                                  y   

T3 T8

λ3 λ8

̂T3 =
1
2

λ3
̂Y =

1

3
λ8

I3 =
1
3

(nu − nd) Y =
1
3

(nu + nd − 2ns)

u d

 s

Y =
1

3
λ8

I3 =
1
2

λ3

+
1
3

−
2
3
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SU(3) de sabor😋 : estados 
                                                  
Los números cuánticos de  y Y para antiquarks tienen el signo opuesto y forman un 
multiplete . 

• Las 6 matrices  restantes se pueden usar para generar los operadores escalera: 

I3
3̄

λ
̂T± =

1
2

(λ1 ± iλ2) → d ↔ u

̂V± =
1
2

(λ4 ± iλ5) → u ↔ s

Û± =
1
2

(λ6 ± iλ7) → d ↔ s
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9.6.2 The light mesons

In the discussion of SU(2) flavour symmetry, the third component of isospin is an
additive quantum number, in analogy with angular momentum. In SU(3) flavour
symmetry, both I3 and Y are additive quantum numbers, which together specify the
flavour content of a state. The light meson (qq) states, formed from combinations
of u, d and s quarks/antiquarks, can be constructed using this additive property to
identify the extreme states within an SU(3) multiplet. Having identified the extreme
states, the ladder operators can be used to obtain the full multiplet structure. The
I3 and Y values for all nine possible combinations of a light quark and a light
antiquark are shown in Figure 9.11. The pattern of states can be obtained quickly
by drawing triangles corresponding to the antiquark multiplet centred on each of
the three positions in the original quark multiplet (this is equivalent to adding the
I3 and Y values for all nine combinations).

The states around the edge of the multiplet are uniquely defined in terms of
their flavour content. The three physical states with I3 = Y = 0 will be lin-
ear combinations of uu, dd and ss, however, they are not necessarily part of the
same multiplet. The I3 = Y = 0 states which are in the same multiplet as the
{us, ud, du, ds, su, sd} states can be obtained using the ladder operators, as indi-
cated in Figure 9.12,

T+|du〉 = |uu〉 − |dd〉 and T−|ud〉 = |dd〉 − |uu〉, (9.32)

V+|su〉 = |uu〉 − |ss〉 and V−|us〉 = |ss〉 − |uu〉, (9.33)

U+|sd〉 = |dd〉 − |ss〉 and U−|ds〉 = |ss〉 − |dd〉. (9.34)

Of these six states, only two are linearly independent and therefore, of the three
physical I3 = Y = 0 states, it can be concluded that one must be in a different
SU(3) multiplet. Hence, for the assumed SU(3) flavour symmetry, the qq flavour
states are decomposed into an octet and a singlet. The singlet state ψS is the linear
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their flavour content. The three physical states with I3 = Y = 0 will be lin-
ear combinations of uu, dd and ss, however, they are not necessarily part of the
same multiplet. The I3 = Y = 0 states which are in the same multiplet as the
{us, ud, du, ds, su, sd} states can be obtained using the ladder operators, as indi-
cated in Figure 9.12,

T+|du〉 = |uu〉 − |dd〉 and T−|ud〉 = |dd〉 − |uu〉, (9.32)

V+|su〉 = |uu〉 − |ss〉 and V−|us〉 = |ss〉 − |uu〉, (9.33)
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physical I3 = Y = 0 states, it can be concluded that one must be in a different
SU(3) multiplet. Hence, for the assumed SU(3) flavour symmetry, the qq flavour
states are decomposed into an octet and a singlet. The singlet state ψS is the linear

I3u = +
1
2

u; I3d = −
1
2

d; I3s = 0

Yu = +
1
3

u; Yd = −
1
3

d; Ys = −
2
3

s

I3ū = −
1
2

ū; I3d̄ = +
1
2

d̄; I3s̄ = 0

Yū = −
1
3

ū; Yd̄ = −
1
3

d̄; Ys̄ = +
2
3

s̄

Quarks: 3 Antiquarks: 3̄Simetrías
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SU(3) de sabor! : estados 
                                                  
• Las 6 matrices  restantes se pueden usar para generar los operadores escalera: 
  
                                     

• Los números cuánticos de  y Y para antiquarks tienen el signo opuesto  
y forman un multiplete .

λ

I3
3̄

̂T± = 1
2 (λ1 ± iλ2)

̂V± = 1
2 (λ4 ± iλ5)

Û± = 1
2 (λ6 ± iλ7)

↔
↔
↔

d ↔ u

d ↔ s

s ↔ u
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SU(3) de sabor! : estados 
                                                  
• De los 8 generadores de SU(3) sólo  y  conmutan y describen cantidades observables 

compatibles -> además del isospín total, los estados de SU(3) se describen en términos de los 
autoestados de las matrices  y . 

• Los números cuánticos correspondientes son la tercera componente del isospín y la hipercarga de 
sabor definidos por los operadores: 
                                                             

• El contenido de sabor de un estado está identificado únicamente por: 

                                  y   

• Los números cuánticos de  y Y para antiquarks tienen el signo opuesto y forman un multiplete .

T3 T8

λ3 λ8

̂T3 = 1
2 λ3 ̂Y = 1

3
λ8

I3 = 1
3 (nu − nd) Y = 1

3 (nu + nd − 2ns)
I3 3̄

u d

 s

Y = 1
3

λ8

I3 = 1
2 λ3

+ 1
3

− 2
3

Û± ̂V±

̂T±

Y
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u!Fig. 9.11 SU(3) isospin and hypercharge assignments of the nine possible qq combinations.

9.6.2 The light mesons

In the discussion of SU(2) flavour symmetry, the third component of isospin is an
additive quantum number, in analogy with angular momentum. In SU(3) flavour
symmetry, both I3 and Y are additive quantum numbers, which together specify the
flavour content of a state. The light meson (qq) states, formed from combinations
of u, d and s quarks/antiquarks, can be constructed using this additive property to
identify the extreme states within an SU(3) multiplet. Having identified the extreme
states, the ladder operators can be used to obtain the full multiplet structure. The
I3 and Y values for all nine possible combinations of a light quark and a light
antiquark are shown in Figure 9.11. The pattern of states can be obtained quickly
by drawing triangles corresponding to the antiquark multiplet centred on each of
the three positions in the original quark multiplet (this is equivalent to adding the
I3 and Y values for all nine combinations).

The states around the edge of the multiplet are uniquely defined in terms of
their flavour content. The three physical states with I3 = Y = 0 will be lin-
ear combinations of uu, dd and ss, however, they are not necessarily part of the
same multiplet. The I3 = Y = 0 states which are in the same multiplet as the
{us, ud, du, ds, su, sd} states can be obtained using the ladder operators, as indi-
cated in Figure 9.12,

T+|du〉 = |uu〉 − |dd〉 and T−|ud〉 = |dd〉 − |uu〉, (9.32)

V+|su〉 = |uu〉 − |ss〉 and V−|us〉 = |ss〉 − |uu〉, (9.33)

U+|sd〉 = |dd〉 − |ss〉 and U−|ds〉 = |ss〉 − |dd〉. (9.34)

Of these six states, only two are linearly independent and therefore, of the three
physical I3 = Y = 0 states, it can be concluded that one must be in a different
SU(3) multiplet. Hence, for the assumed SU(3) flavour symmetry, the qq flavour
states are decomposed into an octet and a singlet. The singlet state ψS is the linear
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9.6.2 The light mesons

In the discussion of SU(2) flavour symmetry, the third component of isospin is an
additive quantum number, in analogy with angular momentum. In SU(3) flavour
symmetry, both I3 and Y are additive quantum numbers, which together specify the
flavour content of a state. The light meson (qq) states, formed from combinations
of u, d and s quarks/antiquarks, can be constructed using this additive property to
identify the extreme states within an SU(3) multiplet. Having identified the extreme
states, the ladder operators can be used to obtain the full multiplet structure. The
I3 and Y values for all nine possible combinations of a light quark and a light
antiquark are shown in Figure 9.11. The pattern of states can be obtained quickly
by drawing triangles corresponding to the antiquark multiplet centred on each of
the three positions in the original quark multiplet (this is equivalent to adding the
I3 and Y values for all nine combinations).

The states around the edge of the multiplet are uniquely defined in terms of
their flavour content. The three physical states with I3 = Y = 0 will be lin-
ear combinations of uu, dd and ss, however, they are not necessarily part of the
same multiplet. The I3 = Y = 0 states which are in the same multiplet as the
{us, ud, du, ds, su, sd} states can be obtained using the ladder operators, as indi-
cated in Figure 9.12,

T+|du〉 = |uu〉 − |dd〉 and T−|ud〉 = |dd〉 − |uu〉, (9.32)

V+|su〉 = |uu〉 − |ss〉 and V−|us〉 = |ss〉 − |uu〉, (9.33)

U+|sd〉 = |dd〉 − |ss〉 and U−|ds〉 = |ss〉 − |dd〉. (9.34)

Of these six states, only two are linearly independent and therefore, of the three
physical I3 = Y = 0 states, it can be concluded that one must be in a different
SU(3) multiplet. Hence, for the assumed SU(3) flavour symmetry, the qq flavour
states are decomposed into an octet and a singlet. The singlet state ψS is the linear

I3u = + 1
2 u; I3d = − 1

2 d; I3s = 0

Yu = + 1
3 u; Yd = − 1

3 d; Ys = − 2
3 s

I3ū = − 1
2 ū; I3d̄ = + 1

2 d̄; I3s̄ = 0

Yū = − 1
3 ū; Yd̄ = − 1

3 d̄; Ys̄ = + 2
3 s̄

Quarks: 3 Antiquarks: 3̄

T+d = u; T−u = d

V+s = u; V−u = s

U+s = d; U−d = s
Todas las otras combinaciones dan 0
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Mesones livianos (uds) 
                                                  
• Los estados livianos de mesones  formados por todas las combinaciones posibles de quarks/

antiquarks u, d y s se pueden construir usando la propiedad aditiva de  y  para los estados de 
los extremos. 

• Luego se usan los operadores escalera para obtener la estructura completa de multipletes. 
• Las 9 combinaciones posibles son:  

• Los 3 estados centrales con  y , serán combinaciones lineales de . 

qq̄
I3 Y

I3 = 0 Y = 0 uū, dd̄, ss̄
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9.6.2 The light mesons

In the discussion of SU(2) flavour symmetry, the third component of isospin is an
additive quantum number, in analogy with angular momentum. In SU(3) flavour
symmetry, both I3 and Y are additive quantum numbers, which together specify the
flavour content of a state. The light meson (qq) states, formed from combinations
of u, d and s quarks/antiquarks, can be constructed using this additive property to
identify the extreme states within an SU(3) multiplet. Having identified the extreme
states, the ladder operators can be used to obtain the full multiplet structure. The
I3 and Y values for all nine possible combinations of a light quark and a light
antiquark are shown in Figure 9.11. The pattern of states can be obtained quickly
by drawing triangles corresponding to the antiquark multiplet centred on each of
the three positions in the original quark multiplet (this is equivalent to adding the
I3 and Y values for all nine combinations).

The states around the edge of the multiplet are uniquely defined in terms of
their flavour content. The three physical states with I3 = Y = 0 will be lin-
ear combinations of uu, dd and ss, however, they are not necessarily part of the
same multiplet. The I3 = Y = 0 states which are in the same multiplet as the
{us, ud, du, ds, su, sd} states can be obtained using the ladder operators, as indi-
cated in Figure 9.12,

T+|du〉 = |uu〉 − |dd〉 and T−|ud〉 = |dd〉 − |uu〉, (9.32)

V+|su〉 = |uu〉 − |ss〉 and V−|us〉 = |ss〉 − |uu〉, (9.33)

U+|sd〉 = |dd〉 − |ss〉 and U−|ds〉 = |ss〉 − |dd〉. (9.34)

Of these six states, only two are linearly independent and therefore, of the three
physical I3 = Y = 0 states, it can be concluded that one must be in a different
SU(3) multiplet. Hence, for the assumed SU(3) flavour symmetry, the qq flavour
states are decomposed into an octet and a singlet. The singlet state ψS is the linear



Simetrías

34

Mesones livianos (uds) 
                                                  
• Para obtener los estados centrales usamos los operadores escalera y la ortogonalidad. Desde cada 

extremo, hay 6 maneras de alcanzar el centro: 
    Ej.                         
                           

• De los 6 posibles estados, sólo dos son independientes. 
• Como son 3 estados con  y  -> no todos son parte del mismo multiplete, hay uno que no 

se obtiene usando los operadores escalera. 

  

T+ |dū > = |uū > − |dd̄ >

I3 = 0 Y = 0

228 Symmetries and the quark model

sd

ud

su

du

usds

T+

T−

U−

U+
V+

V−

!Fig. 9.12 Ladder operators applied to the qq states around the edge of the I3, Y diagram.

=⊗

d u

s

⊕
(uu + dd + ss)1

3√d

s

u

du

su

ds us

ud

sd!Fig. 9.13 SU(3) $avour qq multiplets. The two states at the centre of the octet are linear combinations of |uu〉, |dd〉
and |ss〉which are orthogonal to the singlet state.

combination of uu, dd and ss that is orthogonal to the states of (9.32)–(9.34) and is
readily identified as

|ψS 〉 = 1√
3
(uu + dd + ss). (9.35)

The application of the SU(3) ladder operators on |ψS 〉 all give zero, for example

T+ψS =
1√
3
([T+u]u + u[T+u] + [T+d]d + d[T+d] + [T+s]s + s[T+s])

= 1√
3
(0 − ud + ud + 0 + 0 + 0) = 0,

confirming that |ψS 〉 is the singlet state.
Figure 9.13 shows the multiplet structure for combining a quark and an antiquark

in SU(3) flavour symmetry. In the language of group theory, the combination of a
quark 3 representation and an antiquark 3 representation decomposes into an octet
and a singlet, 3 ⊗ 3 = 8 ⊕ 1. It worth pausing to consider the physical significance
of the singlet state. For spin, the corresponding singlet state for the combination of
two spin-half states, |s,m〉 = |0, 0〉, is a state of zero angular momentum that carries

U+ |sd̄ > = |dd̄ > − |ss̄ >

228 Symmetries and the quark model
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combination of uu, dd and ss that is orthogonal to the states of (9.32)–(9.34) and is
readily identified as

|ψS 〉 = 1√
3
(uu + dd + ss). (9.35)

The application of the SU(3) ladder operators on |ψS 〉 all give zero, for example

T+ψS =
1√
3
([T+u]u + u[T+u] + [T+d]d + d[T+d] + [T+s]s + s[T+s])

= 1√
3
(0 − ud + ud + 0 + 0 + 0) = 0,

confirming that |ψS 〉 is the singlet state.
Figure 9.13 shows the multiplet structure for combining a quark and an antiquark

in SU(3) flavour symmetry. In the language of group theory, the combination of a
quark 3 representation and an antiquark 3 representation decomposes into an octet
and a singlet, 3 ⊗ 3 = 8 ⊕ 1. It worth pausing to consider the physical significance
of the singlet state. For spin, the corresponding singlet state for the combination of
two spin-half states, |s,m〉 = |0, 0〉, is a state of zero angular momentum that carries

Estructura de multipletes para la 
combinación de un q and anti-q en 
la simetría de sabor SU(3). 
Los estados están descompuestos  
en un octete y un singlete.
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Mesones livianos (uds): L=0 
                                                  
• Consideremos los mesones con momento angular orbital  -> el momento angular total J está 

determinado por el estado de espín solamente -> dos posibles estados: s = 0 y s = 1. 

• Los estados más livianos se dividen en J = 0 (pseudoescalares) y J = 1 (vectoriales). 

                                        Pseudoescalares                           Vectoriales                
                          

  

ℓ = 0
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J p = 0− J p = 1−

K0 (ds) K+
 (us) K∗0 (ds) K∗+

 (us)

K∗− (su)

π− (du) ρ− (du)π+ (ud) ρ+ (ud)

K
0
 (sd) K

∗0
 (sd)K− (su)

π0 ρ0 ω

φ

η

η!

!Fig. 9.14 The nine ! = 0, s = 0 pseudoscalar mesons and nine ! = 0, s = 1 vector mesons formed from the light
quarks, plotted in terms of I3 and Y .

no information about the spins of its constituent particles; it could just have been
formed from two scalar particles. Similarly, the SU(3) flavour singlet |ψS 〉 can be
thought of as a “flavourless” state, carrying no information about the flavours of its
constituents.

The L= 0 mesons
In general, the wavefunction for a meson can be written in terms of four compo-
nents,

ψ(meson) = φflavour χspin ξcolour ηspace.

Because quarks and antiquarks are distinguishable, there is no restriction on the
exchange symmetry of the wavefunction for a qq state. For each flavour state, there
are two possible spin states, s = 0 and s = 1. For the lightest mesons, which
have zero orbital angular momentum (! = 0), the total angular momentum J is
determined by the spin state alone. Consequently the lightest mesons divide into
the J = 0 pseudoscalar mesons and the J = 1 (the vector mesons), respectively
with s = 0 and s = 1. Since quarks and antiquarks have opposite intrinsic parities,
the overall parity is given by

P(qq) = P(q)P(q) × (−1)! = (+1)(−1)(−1)!,

where (−1)! is the symmetry of the orbital wavefunction. Hence, the lightest mesons
(with ! = 0) have odd intrinsic parities. In Chapter 10, it is shown that there is only
one possible colour wavefunction for a bound qq system. Therefore, there are nine
light JP = 0− pseudoscalar mesons and nine JP = 1− light vector mesons, corre-
sponding to nine possible flavour states each with two possible spin states.

Figure 9.14 shows the observed ! = 0 meson states plotted in terms of I3 and Y .
The π0, η and η′ can be associated with the two I3 = Y = 0 octet states and the

Singlete 

Como la simetría de sabor es  
aproximada. Experimentalmente: 

 

 

π0 =
1

2
(uū − dd̄ )

η ≈
1

6
(uū + dd̄ − 2ss̄ )

η′ ≈
1

3
(uū + dd̄ + ss̄ )

 

 

 

Las predicciones son menos 
útiles -> los estados físicos 
son mezclas de los estados 
de octete y singlete.

ρ0 =
1

2
(uū − dd̄ )

ω ≈
1

2
(uū + dd̄ )

ϕ ≈ ss̄
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Mesones livianos (uds): L=0 
                                                  
• Masas  
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no information about the spins of its constituent particles; it could just have been
formed from two scalar particles. Similarly, the SU(3) flavour singlet |ψS 〉 can be
thought of as a “flavourless” state, carrying no information about the flavours of its
constituents.

The L= 0 mesons
In general, the wavefunction for a meson can be written in terms of four compo-
nents,

ψ(meson) = φflavour χspin ξcolour ηspace.

Because quarks and antiquarks are distinguishable, there is no restriction on the
exchange symmetry of the wavefunction for a qq state. For each flavour state, there
are two possible spin states, s = 0 and s = 1. For the lightest mesons, which
have zero orbital angular momentum (! = 0), the total angular momentum J is
determined by the spin state alone. Consequently the lightest mesons divide into
the J = 0 pseudoscalar mesons and the J = 1 (the vector mesons), respectively
with s = 0 and s = 1. Since quarks and antiquarks have opposite intrinsic parities,
the overall parity is given by

P(qq) = P(q)P(q) × (−1)! = (+1)(−1)(−1)!,

where (−1)! is the symmetry of the orbital wavefunction. Hence, the lightest mesons
(with ! = 0) have odd intrinsic parities. In Chapter 10, it is shown that there is only
one possible colour wavefunction for a bound qq system. Therefore, there are nine
light JP = 0− pseudoscalar mesons and nine JP = 1− light vector mesons, corre-
sponding to nine possible flavour states each with two possible spin states.

Figure 9.14 shows the observed ! = 0 meson states plotted in terms of I3 and Y .
The π0, η and η′ can be associated with the two I3 = Y = 0 octet states and the
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Table 9.1 The L = 0 pseudoscalar and vector meson masses.

Pseudoscalar mesons Vector mesons

π0 135 MeV ρ0 775 MeV
π± 140 MeV ρ± 775 MeV
K± 494 MeV K∗± 892 MeV
K0,K0 498 MeV K∗0/K∗0 896 MeV
η 548 MeV ω 783 MeV
η′ 958 MeV φ 1020 MeV

In QED, the potential energy between two magnetic dipoles contains a term pro-
portional to scalar product of the two dipole moments, µi · µ j. For two Dirac parti-
cles of masses mi and m j, this corresponds to a potential energy term of the form

U ∝ e
mi

Si ·
e

m j
S j ∝

α

mim j
Si · S j,

where α is the fine structure constant. This QED interaction term, which contributes
to the hyperfine splitting of the energy levels of the hydrogen atom, is relatively
small. In Chapter 10 it is shown that, apart from a numerical constant that accounts
for colour, the QCD vertex has the same form as that of QED. Therefore, there will
be a corresponding QCD “chromomagnetic” spin–spin interaction giving a term in
the qq potential of the form

U ∝ αS

mim j
Si · S j,

where αS is the coupling constant of QCD. Since αS ∼ 1 is much greater than
α ∼ 1/137, the chromomagnetic spin–spin interaction term is relatively large and
plays an important role in determining the meson masses. For an " = 0 meson
formed from a quark and an antiquark with masses m1 and m2, the meson mass can
be written in terms of the constituent quark masses and the expectation value of the
chromomagnetic spin–spin interaction

m(q1q2) = m1 + m2 +
A

m1m2
〈S1 · S2〉, (9.36)

where the parameter A can be determined from experiment.
The scalar product S1 · S2 in (9.36) can be obtained by writing the total spin as

the vector sum, S = S1 + S2, and squaring to give

S2 = S2
1 + 2S1 · S2 + S2

2,

which implies that

S1 · S2 =
1
2

[
S2 − S1

2 − S1
2
]
.

•Si la simetría SU(3) de sabor fuera  
exacta todos los estados de mesones 
del octete pseudoescalar tendrían la 
misma masa. 
•Las diferencias observadas pueden ser 
atribuidas al hecho que el quark s es más 
masivo que los up y down. 
•Sin embargo esto no explica que los  
mesones vectoriales son más masivos que 
los pseudoescalares. 
•La única diferencia entre los estados  y  

 es la función de onda de espín. 
•Por lo tanto la diferencia de masas puede 
ser atribuida a una interacción espín-espín.

π
ρ
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Bariones (uds) 
                                                  
• Construir estados bariónicos es bastante tedioso, debemos considerar la estructura de 

multipletes resultante de combinar dos quarks y añadir el tercero. 
• Concentrémonos en la estructura de multipletes: 

• La estructura de multipletes para las 27 posibles combinaciones de sabor de un sistema qqq se 
obtiene añadiendo un triplete de quarks a cada sextete y triplete anteriores. 
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!Fig. 9.15 The multiplet structure for the combination of qq in SU(3) %avour symmetry.
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!Fig. 9.16 The I3 and Y assignments for the qqq multiplets in SU(3) %avour symmetry broken down into the 6 ⊗ 3 and
3̄ ⊗ 3 parts (shown in b and c).

Figure 9.15. In terms of the group structure, this can be written 3⊗3⊗3 = (6⊕3)⊗3
as indicated in Figure 9.16a. Adding an additional quark to the sextet, gives a decu-
plet of totally symmetric states and a mixed symmetry octet, as shown in Fig-
ure 9.16b, where the states without strange quarks are exactly those identified in
Section 9.4. This 10 ⊕ 8 multiplet structure can be verified by repeated applica-
tion of the SU(3) ladder operators to the SU(2) states of (9.8)–(9.11) and to the
states of (9.12)–(9.13) to obtain respectively the decuplet and the mixed symme-
try octet.

The second set of qqq flavour states are obtained by adding a quark to the qq
triplet (3). In terms of the multiplet structure, this is the same as combining the
SU(3) representation of a quark and antiquark (3 ⊗ 3), giving a mixed symmetry
octet and a totally antisymmetric singlet state, as indicated in Figure 9.16c. The
wavefunctions for this octet can be obtained from the corresponding SU(2) states
of (9.14)–(9.15) using the SU(3) ladder operators. Hence, 26 of the possible states

Simétrico Anti-simétrico

El triplete tiene los mismos  
estados de  y  que la  
representación de SU(3) de un 
antiquark -> 

I3 Y

3 ⊗ 3 = 6 ⊕ 3̄
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Figure 9.15. In terms of the group structure, this can be written 3⊗3⊗3 = (6⊕3)⊗3
as indicated in Figure 9.16a. Adding an additional quark to the sextet, gives a decu-
plet of totally symmetric states and a mixed symmetry octet, as shown in Fig-
ure 9.16b, where the states without strange quarks are exactly those identified in
Section 9.4. This 10 ⊕ 8 multiplet structure can be verified by repeated applica-
tion of the SU(3) ladder operators to the SU(2) states of (9.8)–(9.11) and to the
states of (9.12)–(9.13) to obtain respectively the decuplet and the mixed symme-
try octet.

The second set of qqq flavour states are obtained by adding a quark to the qq
triplet (3). In terms of the multiplet structure, this is the same as combining the
SU(3) representation of a quark and antiquark (3 ⊗ 3), giving a mixed symmetry
octet and a totally antisymmetric singlet state, as indicated in Figure 9.16c. The
wavefunctions for this octet can be obtained from the corresponding SU(2) states
of (9.14)–(9.15) using the SU(3) ladder operators. Hence, 26 of the possible states
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Bariones (uds) 
                                                  
• Comenzamos por el sextete: 

• Triplete: como el caso de mesones uds combinamos  y obtenemos un octete y un singlete. 3̄ ⊗ 3
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!Fig. 9.15 The multiplet structure for the combination of qq in SU(3) %avour symmetry.
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!Fig. 9.16 The I3 and Y assignments for the qqq multiplets in SU(3) %avour symmetry broken down into the 6 ⊗ 3 and
3̄ ⊗ 3 parts (shown in b and c).

Figure 9.15. In terms of the group structure, this can be written 3⊗3⊗3 = (6⊕3)⊗3
as indicated in Figure 9.16a. Adding an additional quark to the sextet, gives a decu-
plet of totally symmetric states and a mixed symmetry octet, as shown in Fig-
ure 9.16b, where the states without strange quarks are exactly those identified in
Section 9.4. This 10 ⊕ 8 multiplet structure can be verified by repeated applica-
tion of the SU(3) ladder operators to the SU(2) states of (9.8)–(9.11) and to the
states of (9.12)–(9.13) to obtain respectively the decuplet and the mixed symme-
try octet.

The second set of qqq flavour states are obtained by adding a quark to the qq
triplet (3). In terms of the multiplet structure, this is the same as combining the
SU(3) representation of a quark and antiquark (3 ⊗ 3), giving a mixed symmetry
octet and a totally antisymmetric singlet state, as indicated in Figure 9.16c. The
wavefunctions for this octet can be obtained from the corresponding SU(2) states
of (9.14)–(9.15) using the SU(3) ladder operators. Hence, 26 of the possible states

Decuplete 
simétrico

Octete con 
simetría mixta

3 ⊗ 6 = 10 ⊕ 8
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Figure 9.15. In terms of the group structure, this can be written 3⊗3⊗3 = (6⊕3)⊗3
as indicated in Figure 9.16a. Adding an additional quark to the sextet, gives a decu-
plet of totally symmetric states and a mixed symmetry octet, as shown in Fig-
ure 9.16b, where the states without strange quarks are exactly those identified in
Section 9.4. This 10 ⊕ 8 multiplet structure can be verified by repeated applica-
tion of the SU(3) ladder operators to the SU(2) states of (9.8)–(9.11) and to the
states of (9.12)–(9.13) to obtain respectively the decuplet and the mixed symme-
try octet.

The second set of qqq flavour states are obtained by adding a quark to the qq
triplet (3). In terms of the multiplet structure, this is the same as combining the
SU(3) representation of a quark and antiquark (3 ⊗ 3), giving a mixed symmetry
octet and a totally antisymmetric singlet state, as indicated in Figure 9.16c. The
wavefunctions for this octet can be obtained from the corresponding SU(2) states
of (9.14)–(9.15) using the SU(3) ladder operators. Hence, 26 of the possible states

Octete con 
simetría mixta

Singlete totalmente 
anti-simétrico

3̄ ⊗ 3 = 8 ⊕ 1

En resumen la combinación de 3 
quarks uds se descompone en: 
3 ⊗ 3 ⊗ 3 = 10 ⊕ 8 ⊕ 8 ⊕ 1
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Bariones observados del decuplete con L=0 
                                                  
• Los estados bariónicos del decuplete tienen spin 3/2, y funciones de onda de espín y de sabor 

simétricas. 

235 9.6 SU(3) &avour symmetry

Table 9.2 Measured masses and number of strange quarks for the L = 0
light baryons.

s quarks Octet Decuplet

0 p, n 940 MeV ∆ 1230 MeV
1 Σ 1190 MeV Σ∗ 1385 MeV
1 Λ 1120 MeV
2 Ξ 1320 MeV Ξ∗ 1533 MeV
3 Ω 1670 MeV

p(uud)n(ddu)

Σ−
 (dds)

Ξ−
 (ssd)

Ξ∗−
 (ssd)

Σ∗−
 (dds)

∆−
 (ddd) ∆+

 (duu) ∆++
 (uuu)∆0

 (ddu)

Σ∗+
 (uus)Σ∗0

 (uds)

Ω−
 (sss)

Ξ∗0
 (ssu)

Ξ0
 (ssu)

Σ+
 (uus)Σ0

 (uds)

Λ(uds)

J P = −3
+

2J P = −1
+

2

!Fig. 9.17 The observed octet and decuplet of light baryon states.

octet and decuplet states is due to the chromomagnetic spin–spin interactions of the
individual quarks. Following the argument presented in Section 9.6.3, the L = 0
baryon mass formula is

m(q1q2q3) = m1 + m2 + m3 + A′
( 〈S1 · S2〉

m1m2
+
〈S1 · S3〉

m1m3
+
〈S2 · S3〉

m2m3

)
, (9.41)

where S1, S2 and S3 are the spin vectors of the three quarks. This expression is
found to give good agreement with the observed baryon masses using

md = mu = 0.365 GeV, ms = 0.540 GeV and A′ = 0.026 GeV3.

It is important to note that the quark masses needed to explain the observed
baryon masses are about 50 MeV higher than those used to describe the meson
masses, as given in (9.39). Furthermore, they are very different from the funda-
mental up- and down-quark masses, known as the current masses, which are just
a few MeV. The quark masses that enter the meson and baryon mass formulae
are the constituent masses, which can be thought of as the effective masses of the
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octet and decuplet states is due to the chromomagnetic spin–spin interactions of the
individual quarks. Following the argument presented in Section 9.6.3, the L = 0
baryon mass formula is

m(q1q2q3) = m1 + m2 + m3 + A′
( 〈S1 · S2〉

m1m2
+
〈S1 · S3〉

m1m3
+
〈S2 · S3〉

m2m3

)
, (9.41)

where S1, S2 and S3 are the spin vectors of the three quarks. This expression is
found to give good agreement with the observed baryon masses using

md = mu = 0.365 GeV, ms = 0.540 GeV and A′ = 0.026 GeV3.

It is important to note that the quark masses needed to explain the observed
baryon masses are about 50 MeV higher than those used to describe the meson
masses, as given in (9.39). Furthermore, they are very different from the funda-
mental up- and down-quark masses, known as the current masses, which are just
a few MeV. The quark masses that enter the meson and baryon mass formulae
are the constituent masses, which can be thought of as the effective masses of the

Masas del decuplete

Si la simetría de sabor 
de SU(3) fuera exacta 
todas las masas serían 
las mismas.
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Bariones observados del octete con L=0 
                                                  
• Los estados bariónicos del octete tienen spin 1/2, y está formado de funciones de onda con 

simetría mixta de sabor y simetría mixta de espín. 

Masas del octete

Si la simetría de sabor 
de SU(3) fuera exacta 
todas las masas serían 
las mismas.
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