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Timeline of the Universe

Figure 1: History of the Universe (Retrieved from: University of Tokyo).



The Ricci Tensor

The nonzero components of the Ricci tensor are,

Rαβµν = Γαβν,µ − Γαβµ,ν + ΓασµΓσβν − ΓασνΓσβµ, (1)

with

Rβν = Rµβµν , (2)

we obtain

Rβν = Γµβν,µ − Γµβµ,ν + ΓµσµΓσβν − ΓµσνΓσβµ, (3)

and the Ricci scalar is then

R = gµνRµν . (4)

Deduction 2 & Notebook FRW 2!!



The Riici Tensor and Ricci Scalar for the FRW metric

Ricci Tensor for the FRW metric

R00 = −3
ä

a
, (5)

R11 =
aä + 2ȧ2 + 2κ

1− κr2
, (6)

R22 = r2
(
aä + 2ȧ2 + 2κ

)
, (7)

R33 = r2
(
aä + 2ȧ2 + 2κ

)
sin2 θ. (8)

Ricci Scalar for the FRW metric

R =
6

a2

(
aä + ȧ2 + κ

)
. (9)

Deduction 3 & Notebook FRW 2!!



The Einstein Tensor for the FRW metric

With the Ricci tensor and the Ricci scalar we can calculate the

Einstein tensor,

Gµν = Rµν −
1

2
gµνR. (10)

Einstein Tensor for the FRW metric

G00 =
3

a2

(
ȧ2 + κ

)
, (11)

G11 =
1

1− κr2

(
2aä + ȧ2 + κ

)
, (12)

G22 = −r2
(
2aä + ȧ2 + κ

)
, (13)

G33 = −r2 sin2 θ
(
2aä + ȧ2 + κ

)
. (14)

Deduction 4 & Notebook FRW 2!!



The Eintein Field Equations

The Universe is not empty, so we are interested in the solutions of

the Einstein’s Field Equations,

Gµν = 8πTµν . (15)

We will choose to model the matter and energy in the Universe by

a perfect fluid.

The energy–momentum tensor for a perfect fluid can be written as,

Tµν = (ρ+ p)UµUν + pgµν . (16)



The four–velocity

The four–velocity Uα in a comoving coordinate system is given by,

Uα = (U0, 0, 0, 0). (17)

Since,

UαUα = −1 = gαβU
αUβ = g00

(
U0
)2
. (18)

The contravariant component U0 of the 4–velocity is,

U0 = 1,

and the covariant component U0 of the 4–velocity is,

U0 = g00U
0 = −1.



The Energy–Momentum Tensor for the FRW metric

Energy–Momentum Tensor for the FRW metric

T00 = ρ, (19)

T11 =
a2

1− κr2
p, (20)

T22 = a2r2p, (21)

T33 = a2r2 sin2 θp. (22)



Conservation of the Energy–Momentum Tensor − µ = 0

We are going to consider the components of the conservation of

energy–momentum fensor,

Tµν
;ν = 0, (23)

Tµν
;ν = Tµν

,ν + ΓµσνT
σν + ΓνσνT

σµ. (24)

• µ = 0 – the conservation of energy equation

The Fluid Equation for the FRW metric

ρ̇ = −3
ȧ

a
(ρ+ p). (25)

Deduction 5!



Solutions to the Fluid Equation

It is necessary to choose an equation of state, a relationship

between ρ and p. The perfect fluids relevant to cosmology obey

the simple equation of state,

p = ωρ, (26)

where ω is a constant independent of time

The conservation of energy equation Eq. (25) becomes

ρ̇

ρ
= −3(1 + ω)

ȧ

a
. (27)

Which can be integrated,

ρ ∝ a−3(1+ω). (28)



Matter

Dust is nonrelativistic matter, which obeys:

ω = 0. (29)

Examples include ordinary stars and galaxies, for which the

pressure is negligible in comparison with the energy density. Dust

is also know as “matter”, and universes whose energy density is

mostly due to dust are known as matter–dominated.

The energy density in matter falls of as:

ρ ∝ a−3. (30)

This is interpreted as the decrease in the number density of

particles as the Universe expands.



Radiation

Radiation may be used to described either electromagnetic

radiation, or massive particles moving at relative velocities

sufficiently close to the speed of light that they become

indistinguishable from photons, it obeys,

ω = 1/3. (31)

A Universe in which most of the energy density is in the form of

radiation is known as radiation–dominated.

The energy density in radiation falls of as:

ρ ∝ a−4. (32)



Vacuum

There is one other form of energy that is considered, the vacuum,

which,

ω = −1. (33)

The energy density for the vacuum is,

ρ ∝ ρ0. (34)

So, the energy density is a constant.

A component of the Universe with ω < −1/3 is referred to

generically as “dark energy”. One form of dark energy is of special

interest; observational evidence indicates that our universe may

contain a cosmological constant. A cosmological constant may be

defined simply as a component of the Universe that has ω = −1.



Conservation of energy-momentum tensor − µ = i

Because of isotropy, the spatial components must vanish

identically,

T iν
;ν = T i0

;0 + T i1
;1 + T i2

;2 + T i3
;3 = 0. (35)

For example, for i = 1.

T 1ν
;ν = 0. (36)

For i = 2 and i = 3 we have the same result:

T 2ν
;ν = 0. (37)

T 3ν
;ν = 0. (38)



Solution to the Einstein’s Equations

Now, we can write the Einstein Equation:

• G00 = 8πT00.

The Friedmann Equation(
ȧ

a

)2

=
8π

3
ρ− κ

a2
. (39)

• G11 = 8πT11.

The Acceleration Equation

ä

a
= −4π

3
(ρ+ 3p). (40)

Deduction 6!



Solutions to the Friedmann Equations

We are going to see the solutions of the Friedmann equation (39)

considering κ = 0,
da

a
∝ √ρdt. (41)

To solve these differential equation we need only to specify the

a(t) dependence on the density.

For our epochs

• Radiation dominated: ρ ∝ a−4 → a ∝ t1/2.

• Matter dominated: ρ ∝ a−3 → a ∝ t2/3.

• Vacuum: ρ ∝ ρ0 → a ∝ exp
(√
ρ0 t
)
.



Solutions to the Friedmann Equations

From Eq. (41):

For our epochs

• The expansion is decelerated:

Radiation: a ∝ t1/2 → ä < 0.

Matter: a ∝ t2/3 → ä < 0.

• The expansion is accelerated:

Vacuum: a ∝ exp
(√
ρ0 t
)
→ ä > 0



How Was the Structure Formed in the Universe?

• There is structure in the universe: planets, stars, galaxies,

clusters, superclusters ...

• It is believed that there were small primordial perturbations

that grew in amplitude by gravitational instability to form the

structures observed today. The big bang theory does not

explain the fluctuations necessary to produce the structure we

observe today,

The big bang theory is successful but incomplete.



Anisotropic Map of the CMB Obtained by the Planck Satellite

Figure 2: Map of the Cosmic Microwave Background Radiation (Retrieve

from: ESA).

Where do these anisotropies come from?
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The Big Bang Problems

There are certain problems that the big bang theory cannot

explain, these being the original motivation for introducing

inflationary cosmology.

1. Why is the Universe isotropic and homogeneous on a large

scale, despite the fact that separate regions were causally

disconnected?

(The Horizon problem)

2. Why is the density of matter in the Universe so close to the

critical density?

¿Ω ≡ ρtot

ρc
= 1?

(The Flatness problem)



The Big Bang Problems

The sign of κ is therefore determined by whether Ω is greater than,

equal to, or less than one. We have

ρ < ρc ←→ Ω < 1←→ κ = −1 ←→ open,

ρ = ρc ←→ Ω = 1←→ κ = 0 ←→ flat,

ρ > ρc ←→ Ω > 1←→ κ = +1 ←→ closed.

The current value of Ω is

Ω0 = Ωm + ΩΛ + Ωr + Ωk ∼ 1,

indicating that the density of the universe is very close to critical

density.



The Horizon Problem

An important property

of the big bang is

that the Universe

has a causal horizon,

which represents the

distance that light

could have traveled

since the beginning of

the Universe.

In a Universe dominated by radiation or matter when t → 0 the

Universe is not causally connected because the radius of the early

Universe was larger than the horizon and only a small fraction of

the Universe was in causal contact.



According to the big

bang theory, at the

time of decoupling, the

Universe consisted of

many regions without

the possibility of causal

contact between them.

Retrieve from: Bellido, J.

http://arxiv.org/abs/hep-ph/0004188

When cosmic microwave background radiation is detected

with a separation greater than 1.7◦ in the sky, radiation

that was never in causal contact is observed. However, the

cosmic background radiation has the same temperature in

all directions with an accuracy of one part in 105.



The Flatness Problem

1. The flatness

problem is related

to the precision

required for the

initial value of Ω.

2. At the time of

radiation or matter

Ω− 1 is an

increasing function

of time.

At the time of nucleosynthesis: Ω = 1± 10−15.
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Inflation

The theory of inflation was proposed in 1981 by Alan Guth as a

solution to the problems of flatness and the horizon. Inflation is

defined as a period of evolution in the universe during which the

expansion was accelerated, thus

Inflation ⇐⇒ ä > 0.

For there to be inflation it is also required that

Inflation ⇐⇒ p < −ρ
3
.

The fundamental characteristic of this theory is an extremely rapid

expansion period, which perhaps occurred when the universe was

extremely young corresponding to an age of 10−34 s during which

the size of the universe increased by a factor of 1043.

[2] Alan Guth. The Inflationary Universe



Solution to the Horizon Problem

1. Inflation solves

the horizon

problem, because

during inflation

Radius ≤ Horizon.

2. The Universe

originated in a

region that was

within the

horizon.

All the regions we observe today were causally connected.



Solution to the flatness problem

1. In inflationary

cosmology the flatness

of the Universe is a

natural prediction .

2. During the inflationary

period Ω tends rapidly

to unity.

If there is a sufficient inflation period that causes Ω to be very

close to unity, Ω will remain on the order of unity until the current

epoch.



Inflation

Big Bang

Problems

=⇒

Inflation =⇒ Spectrum of scalar perturbations.

The most important property of inflationary cosmology is that it

produces a spectrum of density perturbations responsible for galaxy

formation and anisotropies at the temperature of the CMB.
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Scalar Fields in Cosmology

The scalar field responsible for inflation is the inflaton φ.

The equations of motion for the inflaton are

H2 =
1

3M2
Pl

[
1

2
φ̇2 + V (φ)

]
,

φ̈+ 3Hφ̇ = −V,φ.

The condition for inflation is satisfied if it is holds that

ä > 0⇐⇒ p < −ρ
3
⇐⇒ φ̇2 < V (φ).



Potential

Figure 3: Typical potential of inflation.
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Slow–roll Approximation

If it is considered that
1

2
φ̇2 � V (φ), the equations of motion for

the scalar field can be written as follows

H2 ' 1

3M2
Pl

V (φ),

3Hφ̇ ' −V,φ,

so the scale factor evolves as

a(t) ∝ exp

(∫
Hdt

)
.



Slow–roll approximation

For the approximation to be valid it is necessary that

ε =
M2

Pl

2

(
V,φ
V

)2

� 1,

δ = M2
Pl

V,φφ
V
� 1,

and the number of e–foldings between the horizon crossing of

modes of interest and the end of inflation is giving by

N '
∫ φi

φ

V

V,φ
dφ.
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Large–Field Inflation Models

Consider the family of models of inflation V (φ) ∼ φp, fixing p = 2

the potential is given by,

V (φ) = M4φ2. (42)

The slow–roll parameters are,

ε =
2

φ2
, (43)

η =
2

φ2
. (44)



Large–Field Inflation Models

The end of inflation occurs for ε = 1→ φend =
√

2.

And the number of e–foldings N is equal to,

N ∼ 1

4

(
φ2

ini − φ2
end

)
. (45)

Using the value for φend, from Eq. (45) we obtain φini,

φini =
√

2 + 4N. (46)

Notebook phi2-srparameters!
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