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Timeline of the Universe

Figure 1: History of the Universe (Retrieved from: University of Tokyo).




The Ricci Tensor

The nonzero components of the Ricci tensor are,

R =T — T8 + M0 M50 = T8, (1)
with

R = R¥ gy, (2)
we obtain
Rov =T o = T gup + Toul g — THau 17 gy, (3)
and the Ricci scalar is then

R:g/'U/RMV. (4)
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The Riici Tensor and Ricci Scalar for the FRW metric

Ricci Tensor for the FRW metric

.
Ro = -3 5
00 av ( )

ai+2a° + 2k

Ru = ———
11 1_ K,rz ) (6)
R = r?(ad+ 24 +2k), (7)
Rz = r?(ad+24° + 2r)sin® 0. (8)

Ricci Scalar for the FRW metric

R:%(aé+é2+ﬁ). (9)
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The Einstein Tensor for the FRW metric

With the Ricci tensor and the Ricci scalar we can calculate the

Einstein tensor, )
G = Ry — EgWR. (10)

Einstein Tensor for the FRW metric

3 .
Goo = ?(324-%), (11)
1 .2
G = o (2ai+ a° + k), (12)
Gn = —r*(2ai+a+k), (13)
Gz = —r’sin®0(2ai+ & + k). (14)
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The Eintein Field Equations

The Universe is not empty, so we are interested in the solutions of
the Einstein's Field Equations,

G =81 Ty (15)

We will choose to model the matter and energy in the Universe by
a perfect fluid.

The energy—momentum tensor for a perfect fluid can be written as,

T = (p+ P) U Uy + g (16)




The four—velocity

The four—velocity U® in a comoving coordinate system is given by,

U* = (U°0,0,0). (17)
Since,
U Uy = —1 = gog U UP = goo (U°)°. (18)
The contravariant component Uy of the 4—velocity is,

U =1,

and the covariant component Uy of the 4—velocity is,

Uo = gooU° = —1.




The Energy—-Momentum Tensor for the FRW metric

Energy—Momentum Tensor for the FRW metric

Too = ps (19)
g

T = 1_7,”2[7, (20)

Ty = ar’p, (21)

T3 = a’r’sin’dp. (22)




Conservation of the Energy—Momentum Tensor — ;1 =0

We are going to consider the components of the conservation of
energy—momentum fensor,

T, = 0, (23)
THY., = TH 4+ TH,, TV +TY,, T (24)

)

e 11 = 0 — the conservation of energy equation

The Fluid Equation for the FRW metric

p==32(p+p). (25)
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Solutions to the Fluid Equation

It is necessary to choose an equation of state, a relationship
between p and p. The perfect fluids relevant to cosmology obey

the simple equation of state,
p=uwp, (26)
where w is a constant independent of time

The conservation of energy equation Eq. (25) becomes

P 314 )?
o= -31+w), (27)

Which can be integrated,

poc a 304w, (28)




Dust is nonrelativistic matter, which obeys:

w = 0. (29)

Examples include ordinary stars and galaxies, for which the
pressure is negligible in comparison with the energy density. Dust
is also know as “matter”, and universes whose energy density is
mostly due to dust are known as matter—dominated.

The energy density in matter falls of as:

poxa s (30)

This is interpreted as the decrease in the number density of

particles as the Universe expands.




Radiation may be used to described either electromagnetic
radiation, or massive particles moving at relative velocities
sufficiently close to the speed of light that they become
indistinguishable from photons, it obeys,

w=1/s. (31)

A Universe in which most of the energy density is in the form of
radiation is known as radiation—dominated.

The energy density in radiation falls of as:




There is one other form of energy that is considered, the vacuum,
which,
w=—1. (33)

The energy density for the vacuum is,

p X po. (34)
So, the energy density is a constant.

A component of the Universe with w < —1/3 is referred to
generically as “dark energy”. One form of dark energy is of special
interest; observational evidence indicates that our universe may
contain a cosmological constant. A cosmological constant may be

defined simply as a component of the Universe that has w = —1.




Conservation of energy-momentum tensor — =i

Because of isotropy, the spatial components must vanish
identically,

For example, for i = 1.
TV, =0.

For i = 2 and i = 3 we have the same result:

(35)

(36)




Solution to the Einstein’s Equations

Now, we can write the Einstein Equation:

e Gpg = 8w Too.
The Friedmann Equation
-\ 2
(=%
e Gy =8mTy;.
The Acceleration Equation
a 47

5= 5 (p+3p) (40)
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Solutions to the Friedmann Equations

We are going to see the solutions of the Friedmann equation (39)
considering Kk = 0,

% x +/pdt. (41)

To solve these differential equation we need only to specify the
a(t) dependence on the density.

For our epochs

e Radiation dominated: p x a* — a  t'/2.

e Matter dominated: p x a=3 — a x 2.

e Vacuum: p o< pg — a o< exp (y/po t).




Solutions to the Friedmann Equations

From Eq. (41):

For our epochs

e The expansion is decelerated:

Radiation: a o< t'/2 — 5 < 0.
Matter: a oc t7* — 5 < 0.

e The expansion is accelerated:

Vacuum: a x exp (y/pot) — &> 0




How Was the Structure Formed in the Universe?

e There is structure in the universe: planets, stars, galaxies,

clusters, superclusters ...

e |t is believed that there were small primordial perturbations
that grew in amplitude by gravitational instability to form the
structures observed today. The big bang theory does not
explain the fluctuations necessary to produce the structure we
observe today,

The big bang theory is successful but incomplete.




Anisotropic Map of the CMB Obtained by the Planck Satellite

Figure 2: Map of the Cosmic Microwave Background Radiation (Retrieve
from: ESA).

Where do these anisotropies come from?
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The Big Bang Problems

There are certain problems that the big bang theory cannot
explain, these being the original motivation for introducing
inflationary cosmology.

1. Why is the Universe isotropic and homogeneous on a large
scale, despite the fact that separate regions were causally
disconnected?

(The Horizon problem)

2. Why is the density of matter in the Universe so close to the
critical density?
Q= Prot _ 17

pe
(The Flatness problem)




The Big Bang Problems

The sign of k is therefore determined by whether (2 is greater than,
equal to, or less than one. We have

p < pc Q<1 k= —1 <— open,

P = pc Q=1 k=0 <+— flat,

P> pe Q>1 k=41 <— closed.

The current value of Q is
Qo= Qm + QA+ +Q ~ 1,

indicating that the density of the universe is very close to critical

density.




The Horizon Problem

An important property
of the big bang is
that the Universe

has a causal horizon,
which represents the
distance that light
could have traveled
since the beginning of

Distance

Horizon

the Universe.

In a Universe dominated by radiation or matter when t — 0 the
Universe is not causally connected because the radius of the early
Universe was larger than the horizon and only a small fraction of
the Universe was in causal contact.

e



Retrieve from: Bellido, J.
http://arxiv.org/abs/hep-ph/0004188




The Flatness Problem

1. The flatness
problem is related
to the precision
required for the
initial value of Q.

1.50

2. At the time of
radiation or matter
Q—1isan
increasing function

0.98
0-50 10 20 30 of time.

At the time of nucleosynthesis: Q =1+ 10715,

e
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Inflation

The theory of inflation was proposed in 1981 by Alan Guth as a
solution to the problems of flatness and the horizon. Inflation is
defined as a period of evolution in the universe during which the
expansion was accelerated, thus

Inflation <= 4 > 0.

For there to be inflation it is also required that

Inflation <= p < &

3

The fundamental characteristic of this theory is an extremely rapid

expansion period, which perhaps occurred when the universe was

0—34

extremely young corresponding to an age of 1 s during which

the size of the universe increased by a factor of 10%3.




Solution to the Horizon Problem

1. Inflation solves
the horizon
problem, because

Horizon

Distance

during inflation
Radius < Horizon.

2. The Universe
originated in a
region that was
within the
horizon.

L Radius

Inflation t

All the regions we observe today were causally connected.
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Solution to the flatness problem

o 1. In inflationary

cosmology the flatness

of the Universe is a

; t natural prediction .
Endoffn,,aﬁon, Tolay/ 2. During the inflationary
period Q2 tends rapidly

/ to unity.
Inflation starts

If there is a sufficient inflation period that causes ) to be very
close to unity,  will remain on the order of unity until the current

epoch.




Inflation

Big Bang

Problems

Inflation = Spectrum of scalar perturbations.

The most important property of inflationary cosmology is that it
produces a spectrum of density perturbations responsible for galaxy
formation and anisotropies at the temperature of the CMB.
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Scalar Fields in Cosmology

The scalar field responsible for inflation is the inflaton ¢.

The equations of motion for the inflaton are

2 Il 1'2
H = g (56 V)]
$+3Hp = -V

The condition for inflation is satisfied if it is holds that

5>0<:>p<—§<:>q§2<V(¢).




Potential

V(o)

Figure 3: Typical potential of inflation.




Relativistic Cosmology

Slow-roll Approximation




Slow—roll Approximation

1.
If it is considered that 5(;52 < V(¢), the equations of motion for
the scalar field can be written as follows

H2

12

7z V(@)

3Hp ~ -V,

so the scale factor evolves as




Slow—roll approximation

For the approximation to be valid it is necessary that

M2, [ V\?
= — —7 ]_
‘=7 (v <5h

vV
5= Mr%l% <1,

and the number of e—foldings between the horizon crossing of

modes of interest and the end of inflation is giving by

@i
N’:/ Ldq’)
@

Vg
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Large—Field Inflation Models

Consider the family of models of inflation V/(¢) ~ ¢P, fixing p = 2
the potential is given by,

V(¢) = M2, (42)

The slow-roll parameters are,




Large—Field Inflation Models

The end of inflation occurs for € = 1 — Peng = V2.

And the number of e—foldings N is equal to,

N ~ % ( i2ni o ¢§nd) : (45)

Using the value for ¢enq, from Eq. (45) we obtain ¢y,

Oini = V2 +4N. (46)

Notebook phi2-srparameters!
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