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Principio de gauge local 

• La idea de la invariancia de gauge es familiar si recordamos el caso del electromagnetismo 
-> los campos físicos   (que se obtienen de los potenciales escalar  y vectorial  
) no cambian frente a una transformación de gauge: 
                     y                   

• En mecánica cuántica relativista -> la invariancia de gauge del electromagnetismo está 
relacionada con un principio local de gauge. 

• Consideremos una simetría fundamental del Universo que requiere invariancia frente a las 
transformaciones locales de fase: 
                                                

⃗E y ⃗B ϕ ⃗A

ϕ → ϕ′ = ϕ −
∂χ
∂t

⃗A → ⃗A ′ = ⃗A + ⃗∇ χ Aμ → A′ μ = Aμ − ∂μ χ

ψ(x) → ψ′ (x) = eiqχ(x)ψ(x)

Aμ = (ϕ, − ⃗A )

∂μ = (∂0, ⃗∇ )

Similar a la transformación global de fase 
U(1), sólo que aquí la fase depende de la  
posición en el espacio-tiempo.
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Principio de gauge local 

                                               

• Para esta transformación local la ecuación de partícula libre de Dirac se vuelve: 

• La invariancia local de fase no es posible para la teoría libre, sin interacciones. 
• La invariancia se puede establecer sólo si se modifica la ecuación de Dirac incluyendo un 

nuevo grado de libertad , tal que:

ψ(x) → ψ′ (x) = eiqχ(x)ψ(x)

Aμ

iγμ∂μψ = mψ → iγμ(∂μ + iq∂μ χ)ψ = mψ
Aparece este término

La ecuación de partícula libre 
de Dirac no posee esta invariancia 
de transformación de fase local.

iγμ(∂μ + iqAμ)ψ − mψ = 0
 será interpretado como el campo 

correspondiente al bosón de gauge 
sin masa

Aμ
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Principio de gauge local 

• Esta ecuación es invariante frente a transformaciones de fase locales si: 

• Es necesario introducir un nuevo campo y la ecuación de Dirac modificada tiene ahora el término 
de interacción  (idéntico al término de interacción de QED). 

• QED corresponde a una simetría de gauge local U(1) del Universo.  

• La simetría subyacente asociada a la Cromodinámica Cuántica QCD (teoría cuántica de campos de 
la interacción fuerte) es la invariancia bajo transformaciones de fase locales de SU(3):

qγμAμψ

iγμ(∂μ + iqAμ)ψ − mψ = 0

Aμ → A′ μ = Aμ − ∂μ χ

ψ(x) → ψ′ (x) = eigS ⃗α(x)⋅ ̂Tψ(x)
 generadores del grupo de simetría SU(3)  

Relacionado con las matrices de Gell-Mann: 

 

 son 8 funciones del espacio-tiempo

̂T = {Ta}

Ta =
1
2

λa

αa(x)
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Principio de gauge local 

• Como los generadores de SU(3) están representados por matrices de 3x3 -> la función de onda  
debe incluir 3 grados de libertad adicionales que se puede representar por un vector de 3 
componentes (recordar SU(3) de sabor). 

• Este nuevo grado de libertad se denomina color y sus estados son: rojo (r), verde (g) y azul (b). 

• La  invariancia de gauge local se obtiene introduciendo 8 nuevos campos  (a= 1,..,8) que 
corresponden a los 8 generadores del grupo de simetría SU(3).  

• La ecuación de Dirac que incluye las interacciones con los nuevos campos de gauge es: 

ψ

Ga
μ

ψ(x) → ψ′ (x) = eigS ⃗α(x)⋅ ̂Tψ(x)

iγμ[∂μ + igSGa
μTa]ψ − mψ = 0 Es invariante frente a transformaciones de fase 

Locales de SU(3)



QCD

6

Principio de gauge local 

• Los nuevos campos transforman: 

• Como los generadores del grupo SU(3) no conmutan -> QCD es una teoría de gauge no abeliana y la 
presencia de este término adicional implica la auto-interacción del Gluón. 

• La invariancia local de gauge de SU(3) implica la incorporación de nuevos  
términos de interacción, uno por cada uno de los 8 generadores. 

• Los 8 nuevos campos  corresponden a los gluones de QCD y su vértice de interacción qqg es: Ga

iγμ[∂μ + igSGa
μTa]ψ − mψ = 0

Gk
μ → Gk′ 

μ = Gk
μ − ∂μαk − gS fijkαiG

j
μ

Este término aparece porque los generadores de  
SU(3) no conmutan y las  son las constantes de  

estructura del grupo SU(3) -> 

fijk
[λi, λj] = 2i fijkλk

245 10.2 Colour and QCD

q q

g g

g

g

g

g

g

g

!Fig. 10.1 The predicted QCD interaction vertices arising from the requirement of SU(3) local gauge invariance.

the gluons of QCD and from (10.9) it can be seen that the form of qqg interaction
vertex is

gS T aγ µGa
µψ = gS

1
2λ

aγ µGa
µψ. (10.11)

10.2 Colour and QCD

The underlying theory of quantum chromodynamics appears to be very similar to
that of QED. The QED interaction is mediated by a massless photon corresponding
to the single generator of the U(1) local gauge symmetry, whereas QCD is medi-
ated by eight massless gluons corresponding to the eight generators of the SU(3)
local gauge symmetry. The single charge of QED is replaced by three conserved
“colour” charges, r, b and g (where colour is simply a label for the orthogonal
states in the SU(3) colour space). Only particles that have non-zero colour charge
couple to gluons. For this reason the leptons, which are colour neutral, do not feel
the strong force. The quarks, which carry colour charge, exist in three orthogo-
nal colour states. Unlike the approximate SU(3) flavour symmetry, discussed in
Chapter 9, the SU(3) colour symmetry is exact and QCD is invariant under unitary
transformations in colour space. Consequently, the strength of QCD interaction is
independent of the colour charge of the quark. In QED the antiparticles have the
opposite electric charge to the particles. Similarly, in QCD the antiquarks carry the
opposite colour charge to the quarks, r, g and b.

The three colour states of QCD can be represented by colour wavefunctions,

r =




1
0
0


 , g =




0
1
0


 and b =




0
0
1


 .

Following the discussion of SU(3) flavour symmetry in Chapter 9, the colour states
of quarks and antiquarks can be labelled by two additive quantum numbers, the

gSTaγμGa
μψ = gS

1
2

λaγμGa
μψ
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Principio de gauge local 

• La simetría SU(3) de color es una simetría exacta y QCD es invariante frente a las 
transformaciones unitarias en el espacio de color. 

• La intensidad de la interacción de QCD es independiente de la carga de color de las partículas. 
• Las antipartículas cargan la carga de color opuesta a la de los quarks:  r̄, ḡ, b̄
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QED QCD
• Interacción mediada por fotones 

sin masa que corresponden al 
generador de la simetría de gauge 
local U(1)

Interacción mediada por 8 gluones sin masa 
que corresponden a los 8 generadores de la 
simetría local SU(3)

Única carga conservada: q Tres cargas de color conservadas; r, g, b. 
Sólo las partículas con carga de color  
distinta de 0 se acoplan a gluones.

αS
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Colour in QCD
!The theory of the strong interaction, Quantum Chromodynamics (QCD),

is very similar to QED but with 3 conserved “colour” charges
In QED:

• the electron carries one unit of charge
• the anti-electron carries one unit of anti-charge
• the force is mediated by a massless “gauge

boson” – the photon
In QCD:

• quarks carry colour charge:
• anti-quarks carry anti-charge:
• The force is mediated by massless gluons

! In QCD, the strong interaction is invariant under rotations in colour space

SU(3) colour symmetry

i.e. the same for all three colours

•This is an exact symmetry, unlike the approximate uds flavour  symmetry 
discussed previously.
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Principio de gauge local 

• Los tres estados de color son: 

• Los estados de color pueden ser etiquetados con dos números cuánticos aditivos:  

‣ Tercera componente del isospín de color  
‣ La hipercarga de color  

Ic
3

Yc

r = (
1
0
0) g = (

0
1
0) b = (

0
0
1)
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−1
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−2
3+

−2
3−

−1
3− g!Fig. 10.2 The representations of the colour of quarks and the anticolour of antiquarks.

third component of colour isospin Ic
3 and colour hypercharge Yc as indicated in

Figure 10.2.

10.2.1 The quark–gluon vertex

The SU(3) local gauge symmetry of QCD implies a conserved colour charge and an
interaction between quarks and gluons of the form given by (10.11). By comparing
the QCD interaction term to that for QED given in (10.6),

−iqγ µAµψ→ −igS
1
2λ

aγ µGa
µψ,

the QCD vertex factor can be identified as

−iqγ µ → −igS γ
µ 1

2λ
a.

Apart from the different coupling constant, the quark–gluon interaction only differs
from the QED interaction in the appearance of the 3 × 3 Gell-Mann matrices that
only act on the colour part of the quark wavefunction. The quark wavefunctions
therefore need to include this colour degree of freedom. This can be achieved by
writing

u(p)→ ciu(p),

where u(p) is a Dirac spinor and ci represents one of the possible colour states

c1 = r =




1
0
0


 , c2 = g =




0
1
0


 and c3 = b =




0
0
1


 .

Consequently, the quark current associated with the QCD vertex, shown in
Figure 10.3, can be written

j µq = u(p3)c†j
{
− 1

2 igS λ
aγ µ

}
ciu(p1), (10.12)

where the ci and c j are the colour wavefunctions of the quarks and the index a
refers to gluon corresponding to the SU(3) generator T a. (In other textbooks you
may see the colour index appended to the spinor ciu(p)→ ui(p).)
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Vértice quark-gluón 

• Si comparamos el término de interacción de la QCD y el de la QED:  

• El factor correspondiente al vértice de QCD se identifica como:  

• La función de onda de los quarks necesita incluir el grado de libertad de color: : 
‣ u (p) es el espinor de Dirac 
‣  representa uno de los posibles estados de color 

• La corriente de quark asociada al vértice de QCD : 

−iqγμ → gS
1
2

λaγμ

u(p) → ciu(p)

ci

−iqγμAμψ → gS
1
2

λaγμGa
μψ
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r =




1
0
0


 , g =




0
1
0


 and b =




0
0
1


 .

Following the discussion of SU(3) flavour symmetry in Chapter 9, the colour states
of quarks and antiquarks can be labelled by two additive quantum numbers, the

c1 = r = (
1
0
0) c2 = g = (

0
1
0) c3 = b = (

0
0
1)

jμ
q = ū(p3)c†

j {−
1
2

igSλaγμ}ciu(p1)
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In the quark current of (10.12), the 3 × 3 Gell-Mann matrix λa acts on the three-
component colour wavefunction, whereas the 4×4 γ-matrices act on the four com-
ponents of the Dirac spinor. Therefore the colour part of the current factorises,
allowing (10.12) to be written as

u(p3)c†j{− 1
2 igsλ

aγ µ}ciu(p1) = − 1
2 igs

[
c†jλ

aci

]
× [

u(p3)γ µu(p1)
]
.

The factorised colour part of the interaction is

c†jλ
aci = c†j




λa
1i
λa

2i
λa

3i


 = λ

a
ji.

Hence the qqg vertex can be written as

− 1
2 igS λ

a
ji
[
u(p3)γ µu(p1)

]
,

where λa
ji is just a number, namely the jith element of λa. Therefore, the Feynman

rule associated with the QCD vertex is

− 1
2 igS λ

a
jiγ
µ.

For lowest-order diagrams, the Feynman rule for the gluon propagator of
Figure 10.3 is

−i
gµν

q2 δ
ab,

where the delta-function ensures that the gluon of type a emitted at the vertex
labelled µ is the same as that which is absorbed at vertex ν.

10.3 Gluons

The QCD interaction vertex includes a factor λa
ji, where i and j label the colours

of the quarks. Consequently, gluons corresponding to the non-diagonal Gell-Mann
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Vértice quark-gluón 

• Las matrices de 3x3  actúan sobre la función de onda de color de 3 componentes 
• Las matrices de 4x4  actúan sobre el spinor de Dirac de 4 componentes 
• Podemos factorizar la parte de color: 

• Podemos escribir el vértice: 

• Regla de Feynman asociada al vértice de QCD:  

• La regla de Feynman para el propagador del gluón:  

λa

γ

jμ
q = ū(p3)c†

j {−
1
2

igSλaγμ}ciu(p1)

jμ
q = ū(p3)c†

j {−
1
2

igSλaγμ}ciu(p1) = −
1
2

igS[c†
j λaci] × [ū(p3)γμu(p1)] c†

j λaci = c†
j

λa
1i

λa
2i

λa
3i

= λa
ji

jμ
q = −

1
2

igSλa
ji[ū(p3)γμu(p1)]

−
1
2

igSλa
jiγ

μ

−i
gμν

q2
δab
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,

where λa
ji is just a number, namely the jith element of λa. Therefore, the Feynman

rule associated with the QCD vertex is
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where the delta-function ensures that the gluon of type a emitted at the vertex
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The QCD interaction vertex includes a factor λa
ji, where i and j label the colours

of the quarks. Consequently, gluons corresponding to the non-diagonal Gell-Mann

i,j etiqueta el color 
de los quarks
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Gluones 

• Los gluones conectan estados de quark de diferente color -> para que la carga de color se conserve 
en el vértice -> los gluones deben llevar carga de color. 

• Por ejemplo, el gluón correspondiente a   contribuye interacciones que involucran  
cambios de color  y  

• Como la carga de color se conserva, la interacción involucra el intercambio de un gluón  y  > los 
gluones llevan simultáneamente carga de color y carga de anticolor. 

λ4
r ↔ b b ↔ r

br̄ rb̄

λ4 = (
0 0 1
0 0 0
1 0 0)248 Quantum Chromodynamics (QCD)

g
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≡

r b

b r

≡
br

r b

b r

+
rb

r b

b r!Fig. 10.4 Colour $ow for the t-channel process rb → br. Shown as the Feynman diagram, the colour $ow and the two
time-ordered diagrams.

matrices connect quark states of different colour. In order for colour to be con-
served at the interaction vertex, the gluons must carry colour charge. For example,
the gluon corresponding to λ4, defined in (9.31), which has non-zero entries in the
13 and 31 positions, contributes to interactions involving the changes of colour
r → b and b→ r. This is illustrated in Figure 10.4, which shows the QCD process
of qq → qq scattering where the colour flow corresponds to br → rb, illustrated
both in terms the colour flow in the Feynman diagram and as the two correspond-
ing time-ordered diagrams. Because colour is a conserved charge, the interaction
involves the exchange of a br gluon in the first time-ordering and a rb gluon in
the second time-ordering. From this discussion, it is clear that gluons must carry
simultaneously both colour charge and anticolour charge.

Since gluons carry a combination of colour and anticolour, there are six gluons
with different colour and anticolour, rg, gr, rb, br, gb and bg. Naïvely one might
expect three gluons corresponding to rr, gg and bb. However, the physical gluons
correspond to the fields associated with the generators λ1,..,8 of the SU(3) gauge
symmetry. The gluons are therefore an octet of coloured states, analogous to the qq
meson SU(3) flavour states. The colour assignments of the eight physical gluons
can be written

rg, gr, rb, br, gb, bg, 1√
2
(rr − gg) and 1√

6
(rr + gg − 2bb).

Even though two of these gluon states have Ic
3 = Yc = 0, they are part of a colour

octet and therefore still carry colour charge (unlike the colourless singlet state).

10.4 Colour con$nement

There is a wealth of experimental evidence for the existence of quarks. However,
despite many experimental attempts to detect free quarks, which would be observed
as fractionally charged particles, they have never been seen directly. The non-
observation of free quarks is explained by the hypothesis of colour confinement,
which states that coloured objects are always confined to colour singlet states and

r

 r

r

rb

b b

b

Diagrama 
de Feynman

Flujo de color
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with different colour and anticolour, rg, gr, rb, br, gb and bg. Naïvely one might
expect three gluons corresponding to rr, gg and bb. However, the physical gluons
correspond to the fields associated with the generators λ1,..,8 of the SU(3) gauge
symmetry. The gluons are therefore an octet of coloured states, analogous to the qq
meson SU(3) flavour states. The colour assignments of the eight physical gluons
can be written

rg, gr, rb, br, gb, bg, 1√
2
(rr − gg) and 1√

6
(rr + gg − 2bb).

Even though two of these gluon states have Ic
3 = Yc = 0, they are part of a colour

octet and therefore still carry colour charge (unlike the colourless singlet state).

10.4 Colour con$nement

There is a wealth of experimental evidence for the existence of quarks. However,
despite many experimental attempts to detect free quarks, which would be observed
as fractionally charged particles, they have never been seen directly. The non-
observation of free quarks is explained by the hypothesis of colour confinement,
which states that coloured objects are always confined to colour singlet states and

r

r

r

rb

b b

b

Diagramas ordenados en tiempo
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Gluones 

• Como los gluones llevan una combinación de color y anti-color -> hay 6 gluones con diferente color y 
anti-color :  

• Podríamos esperar 3 gluones correspondientes a  -> sin embargo los gluones físicos 
corresponden a los campos asociados con los generadores de SU(3) . 

• Los gluones forman un octeto de estados de color análogo a los estados de  
sabor mesónicos . 

rḡ, gr̄, rb̄, br̄, gb̄, bḡ

rr̄, gḡ, bb̄
λ1,...,8

qq̄

Prof. M.A. Thomson Michaelmas 2009 251

Gluons
! In QCD quarks interact by exchanging virtual massless gluons, e.g.

qb

qr qb

qr qrqb

qr qb

qr qb

qr qb

rb br

! Gluons carry colour and anti-colour, e.g.
qb qr qr qr

br rb rr

! Gluon colour wave-functions 
(colour + anti-colour) are the same 
as those obtained for mesons
(also colour + anti-colour) 

OCTET + 
“COLOURLESS” SINGLET

Prof. M.A. Thomson Michaelmas 2009 252

! So we might expect 9 physical gluons:
OCTET:
SINGLET:

! BUT, colour confinement hypothesis:
Colour singlet gluon would be unconfined. 
It would behave like a strongly interacting 
photon       infinite range Strong force.

only colour singlet states
can exist as free particles

! Empirically, the strong force is short range and therefore know that the physical 
gluons are confined. The colour singlet state does not exist in nature !

NOTE: this is not entirely ad hoc. In the context of gauge field theory (see minor
option) the strong interaction arises from a fundamental SU(3) symmetry.
The gluons arise from the generators of the symmetry group (the 
Gell-Mann      matrices). There are 8 such matrices        8 gluons.
Had nature “chosen” a U(3) symmetry, would have 9 gluons, the additional
gluon would be the colour singlet state and QCD would be an unconfined
long-range force. 

NOTE: the “gauge symmetry” determines the exact nature of the interaction
FEYNMAN RULES
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Confinamiento de color 

• Se cree (aunque no ha sido probado aún) que todas las partículas libres observadas no tienen carga 
de color -> nunca se ha observado experimentalmente un quark libre (se detectaría como una 
partículas de carga fraccionaria). 

• Esta ausencia de observación de quarks en estado libre se explica con la hipótesis del 
confinamiento de color: 
‣  Los objetos con color están siempre confinados a estados singletes de color. 
‣ Los objetos con carga de color distinta de 0 no se pueden propagar como partículas libres 

• El confinamiento de color se cree que surge de la auto-interacción gluón-gluón que aparece porque 
los gluones llevan carga de color. 

• Como consecuencia, los quarks están confinados a hadrones sin color. 
• Los gluones que poseen carga de color, también están confinados en objetos sin color.

249 10.4 Colour con&nement
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g

!Fig. 10.5 Lowest-order Feynman diagrams for the process gg→ gg, formed from the triple and quartic gluon vertices
of Figure 10.1.

e-

e+ q

q

q q

(a) (b) (c)

!Fig. 10.6 Qualitative picture of the e'ect of gluon–gluon interactions on the long-range QCD force.

that no objects with non-zero colour charge can propagate as free particles. Colour
confinement is believed to originate from the gluon–gluon self-interactions that
arise because the gluons carry colour charge, allowing gluons to interact with other
gluons through diagrams such as those shown in Figure 10.5.

There is currently no analytic proof of the concept of colour confinement,
although there has been recent progress using the techniques of lattice QCD. Nev-
ertheless, a qualitative understanding of the likely origin can be obtained by consid-
ering what happens when two free quarks are pulled apart. The interaction between
the quarks can be thought of in terms of the exchange of virtual gluons. Because
they carry colour charge, there are attractive interactions between these exchanged
virtual gluons, as indicated in Figure 10.6a. The effect of these interactions is to
squeeze the colour field between the quarks into a tube. Rather than the field lines
spreading out as in QED (Figure 10.6b), they are confined to a tube between the
quarks, as indicated in Figure 10.6c. At relatively large distances, the energy den-
sity in the tube between the quarks containing the gluon field is constant. Therefore
the energy stored in the field is proportional the separation of the quarks, giving a
term in the potential of the form

V(r) ∼ κr, (10.13)

where experimentally κ ∼ 1 GeV/fm. This experimentally determined value for
κ (see Section 10.8) corresponds to a very large force of O(105) N between any
two unconfined quarks, regardless of separation! Because the energy stored in the
colour field increases linearly with distance, it would require an infinite amount
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Confinamiento de color 

• El confinamiento de color implica que los quarks son siempre observados confinados en estados 
ligados sin color. 

• Los estados singlete de color de SU(3) son combinaciones “sin color”: 
‣  poseen números cuánticos de color  (condición necesaria pero no suficiente).  
‣  La acción de los operadores escalera en un estado singlete de color debe dar 0 (análogo a el 

estado singlete de spin “sin espín” |0,0>) 

• La hipótesis de confinamiento de color implica que sólo los estados singlete de color pueden existir 
como partículas libres -> todos los estados ligados de quarks y antiquarks deben ocurrir en singles 
de color. 

• El álgebra de la simetría exacta SU(3) de color es igual a la de simetría de sabor donde 
reemplazamos u->r, d->g y s->b.

Ic
3 = Yc = 0
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Confinamiento de color 

• Función de onda de color de un estado ligado : 

• La adición de un tercer quark o antiquark al octete o al singlete lleva a estados con  -> 
estados   no existen en la naturaleza

qq̄

Ic
3 = Yc ≠ 0

qqq̄ or qq̄q̄
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=⊗ ⊕

g r

b

g rg

bgbr

gb rb

(rr + gg + bb)
g

1
3√r

b

r

!Fig. 10.7 The colour combination of a quark and an antiquark, 3 ⊗ 3̄ = 8 ⊕ 1.

g r

b

⊗
g r

b
=

g gr

b

⊗
r

b

⊗
g r

b

gg

bb

(rg + gr)

ggg rrr

bbb

⊕

⊕ ⊕ ⊕=

1
2√

(rg − gr)1
2√

!Fig. 10.8 The multiplets from the colour combinations of two quarks, 3 ⊗ 3 = 6 ⊕ 3, and three quarks, 3 ⊗ 3 ⊗ 3 =
10 ⊕ 8 ⊕ 8 ⊕ 1.

First consider the possible colour wavefunctions for a bound qq state. The com-
bination of a colour with an anticolour is mathematically identical to the construc-
tion of meson flavour wavefunctions in SU(3) flavour symmetry. The resulting
colour multiplets, shown in Figure 10.7, are a coloured octet and a colourless sin-
glet. The colour confinement hypothesis implies that all hadrons must be colour
singlets, and hence the colour wavefunction for mesons is

ψc(qq) = 1√
3
(rr + gg + bb).

The addition of another quark (or antiquark) to either the octet or singlet state in
Figure 10.7 will not yield a state with Ic

3 = Yc = 0. Therefore, it can be concluded
that bound states of qqq or qq q do not exist in nature.

These arguments can be extended to the combinations of two and three quarks as
shown in Figure 10.8. The combination of two colour triplets yields a colour sextet
and a colour triplet (3). The absence of a colour singlet state for the qq system,
implies that bound states of two quarks are always coloured objects and therefore
do not exist in nature. However, the combination of three colours yields a single
singlet state with the colour wavefunction

   Octete 
posee color

Singlete 
Sin color

ψ c(qq̄) =
1

3
(rr̄ + gḡ + bb̄)

Función de onda de color de 
un mesón
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Confinamiento de color 

• Estado ligado : 

• Si agregamos otro triplete: 

• Por lo tanto observamos en la naturaleza estados ligados qqq.  
• La función de onda de color singlete es totalmente antisimétrica y como es el único estado singlete 

de color para tres quarks -> la función de onda de color de bariones es siempre antisimétrica! 

qq
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First consider the possible colour wavefunctions for a bound qq state. The com-
bination of a colour with an anticolour is mathematically identical to the construc-
tion of meson flavour wavefunctions in SU(3) flavour symmetry. The resulting
colour multiplets, shown in Figure 10.7, are a coloured octet and a colourless sin-
glet. The colour confinement hypothesis implies that all hadrons must be colour
singlets, and hence the colour wavefunction for mesons is

ψc(qq) = 1√
3
(rr + gg + bb).

The addition of another quark (or antiquark) to either the octet or singlet state in
Figure 10.7 will not yield a state with Ic

3 = Yc = 0. Therefore, it can be concluded
that bound states of qqq or qq q do not exist in nature.

These arguments can be extended to the combinations of two and three quarks as
shown in Figure 10.8. The combination of two colour triplets yields a colour sextet
and a colour triplet (3). The absence of a colour singlet state for the qq system,
implies that bound states of two quarks are always coloured objects and therefore
do not exist in nature. However, the combination of three colours yields a single
singlet state with the colour wavefunction

Sextete con color Triplete con color

Los estados ligados qq son  
objetos con color y por lo 
tanto no existen en la  
naturaleza. 
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First consider the possible colour wavefunctions for a bound qq state. The com-
bination of a colour with an anticolour is mathematically identical to the construc-
tion of meson flavour wavefunctions in SU(3) flavour symmetry. The resulting
colour multiplets, shown in Figure 10.7, are a coloured octet and a colourless sin-
glet. The colour confinement hypothesis implies that all hadrons must be colour
singlets, and hence the colour wavefunction for mesons is

ψc(qq) = 1√
3
(rr + gg + bb).

The addition of another quark (or antiquark) to either the octet or singlet state in
Figure 10.7 will not yield a state with Ic

3 = Yc = 0. Therefore, it can be concluded
that bound states of qqq or qq q do not exist in nature.

These arguments can be extended to the combinations of two and three quarks as
shown in Figure 10.8. The combination of two colour triplets yields a colour sextet
and a colour triplet (3). The absence of a colour singlet state for the qq system,
implies that bound states of two quarks are always coloured objects and therefore
do not exist in nature. However, the combination of three colours yields a single
singlet state with the colour wavefunction

Esta combinación da lugar a un singlete de 
Color:  

ψ c(qqq) =
1

6
(rgb − rbg − gbr − grb + brg − bgr)
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Hadronización y jets 

• En procesos como ee -> qq, dos quarks inicialmente libres de alta energía son producidos y viajan 
en sentido contrario en el sistema de referencia centro de masa. 

• Como consecuencia del confinamiento de color -> los quarks no se propagan libremente y son 
observados como jets (chorros) de partículas sin color.  

• El proceso por el cual los quarks de alta energía producen jets se conoce como hadronización.
253 10.5 Running ofαS and asymptotic freedom

q q

q
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q
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!Fig. 10.9 Qualitative picture of the steps in the hadronisation process.

are always observed as jets of hadrons (see for example, Figures 10.19 and 10.30).
The precise process of hadronisation is poorly understood. Nevertheless, there are
a number of phenomenological models (often with many free parameters) that are
able to provide a reasonable description of the experimental data. Whilst these
models are motived by QCD, they are a long way from a first-principles theoretical
description of the hadronisation process.

10.5 Running ofαS and asymptotic freedom

At low-energy scales, the coupling constant of QCD is large, αS ∼ O(1). Conse-
quently, the perturbation expansion discussed in the context of QED in
Section 6.1, does not converge rapidly. For this reason (low-energy) QCD pro-
cesses are not calculable using traditional perturbation theory. Nevertheless, in
recent years, there has been a significant progress with the computational technique
of lattice QCD, where quantum-mechanical calculations are performed on a dis-
crete lattice of space-time points. Such calculations are computationally intensive,
with a single calculation often taking many months, even using specially adapted
supercomputing facilities. With lattice QCD it has been possible to calculate the
proton mass with a precision of a few per cent, thus providing a first principles test
of the validity of QCD in the non-perturbative regime. Despite this success, most
practical calculations in particle physics are based on perturbation theory. For this
reason, it might seem problematic that perturbation theory cannot be applied in
QCD processes because of the large value of αS . Fortunately, it turns out that αS is
not constant; its value depends on the energy scale of the interaction being consid-
ered. At high energies, αS becomes sufficiently small that perturbation theory can
again be used. In this way, QCD divides into a non-perturbative low-energy regime,
where first-principles calculations are not currently possible, such as the hadroni-
sation process, and a high-energy regime where perturbation theory can be used.

‣ Los quarks producidos en la interacción se separan a alta velocidad. 
‣ El campo de color los restringe a un tubo con densidad de energía ~ 1GeV/fm 
‣ Mientras los quarks se separan, el campo de color es suficiente para proveer la 

energía necesaria para formar un par  . 
‣ El proceso continua y se forman más pares . 
‣ Todos los quarks y antiquarks tienen suficiente energía para combinarse y formar  

hadrones sin color. 

El proceso de hadronización resulta en dos jets de hadrones, uno en la dirección del 
quark inicial y el otro en la dirección del antiquark inicial.

qq̄
qq̄
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Running de la constante de acoplamiento y libertad asintótica 

• A escalas de baja energía la constante de acoplamiento de la QCD es grande,  -> la 
expansión perturbativa discutida en el contexto de la QED no converge rápidamente. 

• Los procesos de QCD de baja energía no son calculables usando la teoría tradicional de 
perturbaciones -> existen técnicas computacionales Lattice QCD (muy demandantes 
computacionalmente hablando). 

• Resulta que  no es constante -> su valor depende de la escala de energías de interacción que está 
siendo considerada. 

• A energías altas,  se vuelve lo suficientemente pequeña para que podamos utilizar la teoría de 
perturbaciones. 

αS ∼ O(1)

αS

αS
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Running de la constante de acoplamiento y libertad asintótica 

• En este sentido QCD se divide en: 
‣ un régimen no perturbativo a bajas energías, donde no es posible hacer cálculos de primeros 

principios (hadronización) 
‣ un régimen a altas energías donde la teoría de perturbaciones puede ser utilizada. 

• El running de  está relacionado al concepto de renormalización. 

Renormalización en QED 

• La intensidad de la interacción entre un fotón y un electrón está determinada por el acoplamiento 
en el vértice de QED -> hasta aquí considerado constante y con valor e. 

• El valor experimental medido de la carga del electrón e, que corresponde a  se obtiene 
de mediciones de intensidad del potencial estático de Coulomb en física atómica.

αS

α ≈ 1/137
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Running de la constante de acoplamiento y libertad asintótica 
Renormalización en QED 

• Esta no es la misma intensidad de acoplamiento entre un electrón y un fotón que aparecen en los 
diagramas de Feynman ->  (“carga del electrón desnudo”). 

• El valor de e medido es la intensidad efectiva de interacción que resulta de la suma de todas 
contribuciones que provienen de los diagramas relevantes de QED de orden más alto. 

• Hasta aquí, sólo las contribuciones de menor orden al acoplamiento electrón-fotón de QED se han 
considerado. 

• Sin embargo, para cada vértice de QED en un diagrama de Feynman, hay un conjunto infinito de 
correcciones a orden más alto ( ).

e0

o(e2)

254 Quantum Chromodynamics (QCD)

The running of αS is closely related to the concept of renormalisation. A thorough
mathematical treatment of renormalisation is beyond the level of this book. Never-
theless, it is necessary to introduce the basic ideas in order to provide a qualitative
understanding of the running of the coupling constants of both QED and QCD.

10.5.1 *Renormalisation in QED

The strength of the interaction between a photon and an electron is determined by
the coupling at the QED vertex, which up to this point has been taken to be constant
with value e. The experimentally measured value of the electron charge e, which
corresponds to α ≈ 1/137, is obtained from measurements of the strength of the
static Coulomb potential in atomic physics. This is not the same as the strength of
coupling between an electron and photon that appears in Feynman diagrams, which
can be written as e0 (often referred to as the bare electron charge); the experimen-
tally measured value of e is the effective strength of the interaction which results
from the sum over all relevant QED higher-order diagrams.

Up to this point, only the lowest-order contribution to the QED coupling between
a photon and a charged fermion, shown in Figure 10.10a, has been considered.
However, for each QED vertex in a Feynman diagram, there is an infinite set of
higher-order corrections; for example, the O(e2) corrections to the QED e−γe− ver-
tex are shown in Figures 10.10b–10.10e. The experimentally measured strength of
the QED interaction is the effective strength from the sum over of all such dia-
grams. The diagram of Figure 10.10b represents correction to the propagator and
the diagrams in Figures 10.10c–10.10e represent corrections to the electron four-
vector current. In principle, both types of diagram will modify the strength of the
interaction relative to the lowest-order diagram alone.

For each higher-order diagram, it is relatively straightforward to write down the
matrix element using the Feynman rules for QED. Each loop in a Feynman diagram
enters as an integral over the four momenta of the particles in the loop and such dia-
grams lead to divergent (infinite) results. Fortunately, the infinities associated with
the loop corrections to the photon propagator can be absorbed into the definition
of the electron charge (described below). However, the corrections to four-vector

(a) (b) (c) (d) (e)

!Fig. 10.10 The lowest-order diagram for the QED vertex and theO(e2) corrections.

b) correcciones al 
propagador de fotones. 
c)-e) correcciones a la 
corriente del electrón
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Running de la constante de acoplamiento y libertad asintótica 

Renormalización en QED 

• Para cada diagrama de orden más alto se pueden aplicar las reglas de Feynman para escribir el 
elemento de matriz. 

• Cada loop en los diagramas de Feynman es una integral en los 4 momentos de las partículas en el 
loop y esos diagramas conducen a divergencias (infinitos). 

• Los infinitos asociados con las correcciones a las corrientes se cancelan entre sí. 

• Los infinitos asociados al propagador del fotón (términos de auto-energía del fotón) pueden ser 
absorbidos en la definición de la carga del electrón.
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Running de la constante de acoplamiento y libertad asintótica 
Renormalización en QED 

• La serie infinita de correcciones al propagador del fotón se tienen en cuenta al reemplazar el 
diagrama a orden más bajo por una serie infinita de diagramas de loops expresados en términos de 

. 
• Como resultado de las correcciones de loops, el propagador del fotón no tendrá mas la forma simple 

de . 
• Los efectos físicos de la modificación al propagador del fotón se tienen en cuenta si conservamos la 

dependencia  para el propagador efectivo  y absorbemos las correcciones en la definición de la 
carga eléctrica, que ahora necesariamente depende de  

e0

1/q2

1/q2

q2
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e0 e(q2)

e(q2)
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+ + =+  ...   ≡  

!Fig. 10.11 Renormalisation in QED, relating the running charge e(q2) to the bare charge e0.

current, Figures 10.10c–10.10e, are potentially more problematic as they involve
loops that include virtual fermions. Consequently, the results of the corresponding
loop integrals will depend on the fermion masses. In principle, this would result in
the effective strength of the QED interaction being dependent on the mass of the
particle involved, which is not the case. However, in a field theory with local gauge
invariance such as QED, the effect of the diagram of Figure 10.10c is exactly can-
celled by the effects of diagrams 10.10d–10.10e. This type of cancellation, that is
known as a Ward identity, holds to all orders in perturbation theory. Consequently,
here we only need to consider the higher-order corrections to the photon propaga-
tor.

The infinite series of corrections to the photon propagator, known as the photon
self-energy terms, are accounted for by replacing the lowest-order photon exchange
diagram by the infinite series of loop diagrams expressed in terms on the bare elec-
tron charge, e0. As a result of the loop corrections, the photon propagator includ-
ing the self-energy terms, will no longer have a simple 1/q2 form. The physical
effects of the modification to the propagator can be accounted for by retaining the
1/q2 dependence for the effective propagator and absorbing the corrections into
the definition of the charge, which now necessarily depends on q2. This procedure
is shown in Figure 10.11, where the infinite sum over the self-energy corrections
to the photon with bare charge e0, indicated by the blob, is replaced by a 1/q2

propagator with effective charge e(q2).
The effective photon propagator, here denoted as P, can be expressed in terms

of the propagator with the bare charge,

P0 =
e2

0

q2 ,

by inserting an infinite series of the fermion loops. Each loop introduces a correc-
tion factor π(q2), such that the effective propagator is given by

P = P0 + P0 π(q2) P0 + P0 π(q2) P0 π(q2) P0 + · · · ,

where, for example, the second term in the above sum corresponds to a single
loop correction π(q2) inserted between two bare P0 propagator terms, and therefore
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Running de la constante de acoplamiento y libertad asintótica 
Renormalización en QED 

• Se puede mostrar que la constante de acoplamiento adquiere la forma: 

• El signo menos implica que el acoplamiento de QED aumenta 
   cuando aumenta , pero su evolución es lenta. 

• Mediciones de física atómica a  ->  

• Para una energía de cm 193 GeV -> 

q2

q2 ≈ 0 α(q2 ≈ 0) =
1

137.035
α =

1
124.4

α(q2) =
α(q2

0)

1 − α(q2
0) 1

3π ln( q2

q2
0
)
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q /GeV!Fig. 10.12 Measurements ofα(q2) at di&erent q2 scales from e+e− → ff with the OPAL experiment at LEP. The dotted
line shows the low-q2 limit ofα ≈ 1/137. Adapted from Abbiendi et al. (2004).

and the coupling has acquired a dependence on the q2 of the photon. Hence, the
lowest-order QED diagram with a running coupling constant α(q2) incorporates the
effects of the virtual loop diagrams in the photon propagator. The above derivation
applies equally to s-channel and t-channel processes and (10.17) holds in both
cases. In a t-channel process both q2 and µ2 are negative and the running of the
coupling constant is often written as α(Q2). It should be noted that α(q2) should be
read as α(|q2|).

The minus sign in (10.17) implies that the coupling of QED increases with
increasing |q2|, although the evolution is rather slow. In measurements from atomic
physics at q2 ≈ 0, the fine-structure constant is determined to be

α(q2 ≈ 0) =
1

137.035 999 074(94)
.

The QED coupling α(q2) has also been measured in e+e− annihilation at LEP; the
results from the highest q2 measurements are shown in Figure 10.12. At a mean
centre-of-mass energy of

√
s = 193 GeV, it is found that

α =
1

127.4 ± 2.1
,

providing a clear demonstration of the running of the coupling of QED.

10.5.2 Running ofαS

The treatment of renormalisation in QCD is similar to that of QED. However,
owing to the gluon–gluon self-interactions, there are additional loop diagrams, as

Opal Collaboration 
Eur.Phys.J., C33, 173-212



QCD

24

Running de la constante de acoplamiento y libertad asintótica 
Renormalización en QCD 

• La renormalización en QCD es similar a la de QED. 
• Sin embargo debido a los términos de auto-interacción gluón-gluón -> hay diagramas adicionales 

• Podemos escribir el acoplamiento para la interacción fuerte:
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!Fig. 10.13 Renormalisation in QCD.

shown in Figure 10.13. For values of q2 and µ2 larger than the confinement scale,
the difference between the gluon self-energy again grows logarithmically

ΠS (q2) − ΠS (µ2) ≈ − B
4π

ln
(

q2

µ2

)
,

where the B depends to the numbers of fermionic (quark) and bosonic (gluon)
loops. For N f quark flavours and Nc colours,

B =
11Nc − 2N f

12π
.

The effect of the bosonic loops enters the expression for the q2 evolution of αS

with the opposite sign to the pure fermion loops, with the fermion loops leading
to a negative contributions (which was also the case for QED) and the gluon loops
leading to positive contributions. The corresponding evolution of αS (q2) is

αS (q2) =
αS (µ2)

1 + BαS (µ2) ln




q2

µ2




.

For Nc = 3 colours and N f ≤ 6 quarks, B is greater than zero and hence αS

decreases with increasing q2.
There are many ways in which αS can be measured. These include studies of the

hadronic decays of the tau-lepton, the observed spectra of bound states of heavy
quarks (cc and bb), measurements of deep inelastic scattering, and jet production
rates in e+e− annihilation. Figure 10.14 shows a summary of the most precise mea-
surements of αS which span |q| = 2 − 200 GeV. The predicted decrease in αS with
increasing |q| is clearly observed and the data are consistent with the QCD predic-
tions for the running of αS with a value of αS at |q2| = m2

Z of

αS (m2
Z) = 0.1184 ± 0.0007.

αS(q2) =
q2

0

1 + BαS(q2
0)ln( q2

q2
0
)

Para 3 colores y  de quarks 

B  0 ->  decrece con 

Nf ≤ 6
≠ αS q2

B =
11Nc − 2Nf

12π

Presencia de loops de 
bosones y fermiones
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!Fig. 10.14 Measurements of αS at di'erent |q| scales. The barely noticeable kinks in the QCD prediction occur at the
thresholds for producing ss, cc and bb; these a'ect the evolution of αS as the number of e'ective fermion
(avours Nf changes. Adapted from Bethke (2009).

Asymptotic freedom
The strength of the QCD coupling varies considerably over the range of energies
relevant to particle physics. At |q| ∼ 1 GeV, αS is of O(1) and perturbation theory
cannot be used. This non-perturbative regime applies to the discussion of bound
hadronic states and the latter stages in the hadronisation process. At |q| > 100 GeV,
which is the typical scale for modern high-energy collider experiments, αS ∼ 0.1,
which is sufficiently small that perturbation theory again can be used. This prop-
erty of QCD is known as asymptotic freedom. It is the reason that, in the previous
discussion of deep inelastic scattering at high q2, the quarks could be treated as
quasi-free particles, rather than being strongly bound within the proton. It should
be noted that at high q2, even though αS ∼ 0.1 is sufficiently small for perturbation
theory to be applicable, unlike QED, it is not so small that higher-order correc-
tions can be neglected. For this reason, QCD calculations for processes at the LHC
are almost always calculated beyond lowest order. These calculations, which often
involve many Feynman diagrams, are extremely challenging.

10.6 QCD in electron–positron annihilation

A number of the properties of QCD can be studied at an electron–positron collider,
primarily through the production of qq pairs in the annihilation process e+e− → qq,
shown Figure 10.15. There are a number of advantages in studying QCD at an
electron–positron collider compared to at a hadron collider. The QED production
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Running de la constante de acoplamiento y libertad asintótica 
Libertad asintótica 

• La intensidad del acoplamiento de QCD varía considerablemente en el rango de energías relevante 
para la física de partículas. 

• A ,  es del orden de O(1) y la teoría de perturbaciones no se puede utilizar. 
• Este régimen no perturbativo aplica a la discusión de estados hadrónicos ligados y los procesos de 

hadronización. 
• A , escala típica de los experimentos de colisión, , lo cual es lo 

suficientemente pequeño como para poder usar la teoría de perturbaciones. 
• Esta propiedad de la QCD se denomina libertad asintótica. 
• Esta propiedad es la razón por la cual en la discusión de DIS a alto  -> los quarks pueden ser 

tratados como cuasi-libres. 
• Si bien podemos utilizar la teoría de perturbaciones,  no es lo suficientemente pequeña como para 

despreciar las correcciones de órdenes más altos.

|q | ∼ 1GeV αS

|q | > 100GeV αS ∼ 0.1

q2

αS
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QCD en la aniquilación electrón-positrón 

• Gran número de propiedades de la QCD se puede estudiar en colisionadores de ee+ 
básicamente a través de la producción de pares . 

Ventajas 

• El proceso de QED de aniquilación ee+ es bien entendido y calculado con alta precisión. 
• No hay incertezas asociadas a las pdfs. 
• El estado final observado corresponde a la interacción subyacente importante. 
• Asumiendo que los quarks son partículas de espín 1/2, sabemos que la dependencia angular 

de la sección eficaz diferencial para el proceso  es:

qq̄

e+e− → qq̄
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!Fig. 10.15 The lowest-order QED Feynman diagram for e+e− → qq production and the appearance of the interaction
in a detector as a $nal state consisting of two jets of hadrons.

process of e+e− annihilation is well understood and can be calculated to high preci-
sion; there are no uncertainties related to the parton distribution functions. In addi-
tion, the observed final state corresponds to the underlying hard interaction. This
is not the case for hadron–hadron collisions, where the remnants of the colliding
hadrons are also observed, typically as forward-going jets.

The differential cross-section for the process e+e− → µ+µ− was calculated in
Chapter 6. Assuming that quarks are spin-half particles, the angular dependence of
the differential cross section for e+e− → qq is expected to be

dσ
dΩ
∝ (1 + cos2 θ),

where θ is the angle between the incoming e− and the final-state quark. Because the
quark and antiquark will hadronise into jets of hadrons, it is not generally possible
to identify experimentally which flavour of quark was produced. For this reason,
the e+e− → qq cross section is usually expressed as an inclusive sum over all quark
flavours, e+e− → hadrons. Furthermore, it is also not usually possible to identify
which jet came from the quark and which jet came from the antiquark. To reflect
this ambiguity, the differential cross section is usually quoted in terms of | cos θ|.
For example, Figure 10.16 shows the observed angular distribution of the jets in
the process e+e− → hadrons in the centre-of-mass energy range 38.8 <

√
s <

46.5 GeV. The angular distribution is consistent with expected (1 + cos2 θ) form,
demonstrating that quarks are indeed spin-half particles.

The total QED e+e− → µ+µ− cross section, was calculated previously

σ(e+e− → µ+µ−) =
4πα2

3s
. (10.18)

The corresponding cross section for the QED production of a qq pair is

σ(e+e− → qq ) = 3 × 4πα2

3s
Q2

q, (10.19)

dσ
dΩ

∝ (1 + cos2 θ)
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QCD en la aniquilación electrón-positrón 

• Como  se hadronizarán en jets de hadrones -> no es posible identificar 
experimentalmente de que sabor de quark fue producido -> 
 sección eficaz se expresa como una suma inclusiva sobre todos los sabores de quarks. 

• No es posible identificar cuál jet proviene del quark y cuál del antiquark -> 
      sección eficaz se expresa en términos de |cos | 

• Distribución angular de jets en el proceso  

• Consistente con la forma esperada: 

• Los quarks son partículas de espín 1/2

qq̄

θ

e+e− → hadrons

dσ
dΩ

∝ (1 + cos2 θ)
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!Fig. 10.16 The angular distribution of the jets produced in e+e− annihilation at centre-of-mass energies between
38.8 GeV <

√
s < 46.5 GeV as observed in the CELLO experiment at the PETRA e+e− collider at DESY.

The expected (1 + cos2θ) distribution for the production of spin-half particles is also shown. Adapted from
Behrend et al. (1987).

where the factor of three accounts for the sum over the three possible colour com-
binations of the final-state qq that can be produced as gg, rr or bb. The inclusive
QED cross section for σ(e+e− → hadrons) is the sum of the cross sections for the
quark flavours that are kinematically accessible at a given centre-of-mass energy
(
√

s > 2mq),

σ(e+e− → hadrons) =
4πα2

s
× 3

∑

flavours

Q2
q. (10.20)

It is convenient to express the inclusive cross section of (10.20) in terms of a ratio
relative to the µ+µ− cross section of (10.18),

Rµ ≡
σ(e+e− → hadrons)
σ(e+e− → µ+µ−)

= 3
∑

flavours

Q2
q. (10.21)

This has the advantage that a number of experimental systematic uncertainties can-
cel since Rµ is related to the ratio of the observed numbers of events. The expected
value of Rµ depends on the sum of the squares of the charges of the quark flavours
that can be produced at a particular centre-of-mass energy. For

√
s ! 3 GeV, only

u, d and s quarks can be produced, giving the predicted value

R d,u,s
µ = 3 ×

(
4
9 +

1
9 +

1
9

)
= 2.

Phys.Lett.B183,400-411

38.8 < s < 46.5 GeV

Experimento Cello
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QCD en la aniquilación electrón-positrón 

• El color se conserva y las posibles combinaciones de color del estado final  se puede 
producir como ,  o . 

• Para un sabor de quark y un color:    

• Experimentalmente observamos jets de hadrones:   

• Usualmente se mide el cociente:

qq̄
gḡ rr̄ bb̄

σ(e+e− → qiq̄i) =
4πα2

3s
Q2

q

σ(e+e− → hadrones) = 3 ∑
u,d,s,...

4πα2

3s
Q2

q

Phys.Rev.D86, 010001

Viene de los colores

Rμ =
σ(e+e− → hadrones)

σ(e+e− → μ + μ−)
= 3 ∑

u,d,s,...

Q2
q
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s. The dashed line is the lowest-order prediction assum-
ing three colours. The solid line includes the #rst-order QCD correction of (1 + αS(q2)/π). Based on data
compiled by the Particle Data Group, Beringer et al. (2012).

Above the thresholds for cc production (3.1 GeV) and bb production (9.5 GeV) the
predictions for Rµ are respectively

R c
µ = 3 ×

(
1
9 +

4
9 +

1
9 +

4
9

)
= 10

3 and R b
µ = 3 ×

(
1
9 +

4
9 +

1
9 +

4
9 +

1
9

)
= 11

3 .

Figure 10.17 shows the measurements of Rµ over a wide range of centre-of-
mass energies. At relatively low energies, there is significant structure due to res-
onant production of bound qq states with the same spin and parity as the virtual
photon, JP = 1−. These resonances greatly enhance the e+e− → hadrons cross
section when the centre-of-mass energy is close to the mass of the state being pro-
duced. At very low energies, the resonance structure is dominated by the JP = 1−

mesons introduced in Section 9.6.3, namely the ρ0(770 MeV), ω(782 MeV) and
φ(1020 MeV) mesons. At higher energies, charmonium (cc) and bottomonium (bb)
states are produced, such as the J/ψ(3097 MeV),ψ′(3686 MeV) andΥ states. These
heavy quark resonances are discussed further in Section 10.8.

In the continuum between the meson resonances, the data disagree with the pre-
dictions for Rµ given in (10.21) at the level of approximately 10%. The origin of the
discrepancy is that the cross sections of (10.18) and (10.19) are only relevant for
the lowest-order process, whereas the measured cross sections will include µ+µ−γ,
qqγ and qqg final states, as shown in Figure 10.18. The cross sections for these
processes will be suppressed relative to the lowest-order process by respective fac-
tors of α, α and αS due to the additional vertex. The QED corrections are relatively

Rμ = 3 ⊗ (1/9 + 4/9 + 1/9) = 2
Los datos son consistentes 
con el valor esperado teniendo 
en cuenta el factor 3 de color.
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QCD en la aniquilación electrón-positrón 

• La producción de jets en colisiones electrón-positrón de alta energía provee una evidencia directa de 
la existencia de gluones. 

• La mayoría de los eventos se producen 
   con una topología de 2 jets. 

• Existen eventos de 3 y 4 jets. 

•  relativo a  provee una de las  

mediciones de  más precisas. 

• Las distribuciones angulares de 4 jets 
permiten distinguir entre una simetría SU(3) de color  
de otra simetría de gauge.

N3j N2j

αS(q2)
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!Fig. 10.19 Jet production in e+e− annihilation. The example events were recorded at
√

s = 91 GeV by the OPAL exper-
iment at LEP in the mid 1990s. They correspond to (a) e+e− → qq → two-jets, (b) e+e− → qqg →
three-jets and (c) e+e− → qqgg→ four-jets. Reproduced courtesy of the OPAL collaboration. Also shown
are possible Feynman diagrams corresponding to the observed events. In the case of four-jet production there
are also diagrams where both gluons are radiated from the quarks.

10.7 Colour factors

At hadron colliders, such as the LHC, the observed event rates are dominated by
the QCD scattering of quarks and gluons. Figure 10.20 shows one of the parton-
level processes contributing to the cross section for pp → two jets + X, where X
represents the remnants of the proton that are observed as forward jets in the direc-
tion of the incoming proton beams. The calculation of the corresponding matrix
element needs to account for the different colours of the quarks and gluons that can
contribute to the scattering process.

In the Feynman diagram of Figure 10.20, the incoming and outgoing quark
colours are labelled by i, j, k and l. The exchanged gluon is labelled by a and b
at the two vertices, with the δab term in the propagator ensuring that the gluon at
vertex µ is the same as that at vertex ν. The colour flow in the diagram corresponds
to ik → jl. There are 34 possible colour combinations for the four quarks involved
in this process. In addition, there and eight possible gluons that can be exchanged.
Consequently, there are 648 distinct combinations of quark colours and gluons that
potentially can contribute to the process. Fortunately, the effect of summing over
all the colour and gluon combinations can be absorbed into a single colour factor.

Colaboración OPAL de LEP
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Colisiones hadrón-hadrón 

• Los colisionadores hadrónicos, protón-protón (LHC) o protón-antiprotón(Tevatron) permiten alcanzar 
energías de centro de masa mayores que las de un colisionados circular electrón-positrón. 

• Son importantes para la búsqueda de nuevas partículas a escalas altas de masas. 

• Los procesos subyacentes en colisiones hadrón-hadrón son las interacciones de dos partones, que 
pueden ser quarks, antiquarks o gluones.
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Colisiones hadrón-hadrón 

Cinemática de eventos de colisionadores hadrónicos  

• En la dispersión e-p elástica -> una variable es suficiente para describir la cinemática -> ángulo de 
dispersión del electrón. 

• En la dispersión e-p inelástica -> se requieren dos variables, por ejemplo  
• En las colisiones hadrón-hadrón ->  se necesitan 3 variables, por ejemplo  

• En estos experimentos, los partones dispersados se observan como jets : pp -> 2 jets + X -> los 
ángulos de los dos jets con respecto al eje del haz son cantidades que se miden precisamente. 

• La sección eficaz suele describirse en términos de los ángulos de los dos jets y la componente del 
momento de uno de los jets en el plano transversal al eje del haz (momento transverso) 

Q2, x
Q2, x1, x2

pT = p2
x + p2

y El eje z está definido en la dirección del haz
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Colisiones hadrón-hadrón 

Cinemática de eventos de colisionadores hadrónicos  

• En colisionadores como el LHC, la colisión se realiza en el sistema de referencia centro de masa del 
sistema pp, que no es el sistema cm de los partones que interactúan. 

• El momento neto longitudinal del sistema de partones que colisionan está dado por  -> en 
un proceso pp -> 2 jets + X -> el estado final de dos jets está corrido a lo largo de la dirección del 
haz. 

• Los ángulos de los jets se expresan usualmente en términos de la rapidez  
• La masa invariante del sistema de partículas que forman un jet se denomina masa del jet. 

• Para jets de alta energía -> jetmass <<  ->  -> utilizamos la pseudorapidez

(x1 − x2)Ep

pz ≈ E cos θ y ≈
1
2

ln(cot2
θ
2

)

y =
1
2

ln(
E + pz

E − pz
)

η ≡ − ln(tan
θ
2

)
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Colisiones hadrón-hadrón 

Cinemática de eventos de colisionadores hadrónicos  

• La sección eficaz diferencial para la producción de jets en  
colisiones hadrón-hadrón es aproximadamente constante en  -> 
igual número de jets se observan en cada intervalo de . 

Proceso de Drell-Yan 

• Producción de un par de leptones en colisiones hadrón-hadrón  
   proveniente de la aniquilación 

η
η

qq̄

η ≡ − ln(tan
θ
2

)
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!Fig. 10.28 The lowest-order Feynman diagram for the Drell–Yan process pp→ µ+µ−X .

Broadly speaking, the differential cross sections for jet production in hadron–hadron
collisions are approximately constant in pseudorapidity, implying that roughly equal
numbers of jets are observed in each interval of pseudorapidity shown in
Figure 10.27, reflecting the forward nature of jet production in pp and pp colli-
sions.

10.9.2 The Drell–Yan process

The QED production of a pair of leptons in hadron–hadron collisions from the
annihilation of an antiquark and a quark, shown in Figure 10.28, is known as the
Drell–Yan process. It provides a useful example of a cross section calculation for
hadron–hadron collisions, in this case pp → µ+µ−X, where X represents the rem-
nants of the colliding hadrons.

The QED annihilation cross section for e+e− → µ+µ− was calculated in
Chapter 7. The corresponding cross section for qq→ µ+µ− annihilation is

σ(qq→ µ+µ−) =
1

Nc
Q2

q
4πα2

3ŝ
, (10.42)

where Qq is the quark/antiquark charge and ŝ is the centre-of-mass energy of the
colliding qq system. The factor 1/Nc, where Nc = 3 is the number of colours,
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Broadly speaking, the differential cross sections for jet production in hadron–hadron
collisions are approximately constant in pseudorapidity, implying that roughly equal
numbers of jets are observed in each interval of pseudorapidity shown in
Figure 10.27, reflecting the forward nature of jet production in pp and pp colli-
sions.

10.9.2 The Drell–Yan process

The QED production of a pair of leptons in hadron–hadron collisions from the
annihilation of an antiquark and a quark, shown in Figure 10.28, is known as the
Drell–Yan process. It provides a useful example of a cross section calculation for
hadron–hadron collisions, in this case pp → µ+µ−X, where X represents the rem-
nants of the colliding hadrons.

The QED annihilation cross section for e+e− → µ+µ− was calculated in
Chapter 7. The corresponding cross section for qq→ µ+µ− annihilation is

σ(qq→ µ+µ−) =
1

Nc
Q2

q
4πα2

3ŝ
, (10.42)

where Qq is the quark/antiquark charge and ŝ is the centre-of-mass energy of the
colliding qq system. The factor 1/Nc, where Nc = 3 is the number of colours,
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Colisiones hadrón-hadrón 

Proceso de Drell-Yan 

• La sección eficaz diferencial en términos de la masa invariante y la  
rapidez del sistema de muones es: 

• Sección eficaz de Drell-Yan medida por el experimento 
• CDF de Tevatron. 
• El fuerte aumento de la sección eficaz alrededor de 91 GeV 
   corresponde a la producción resonante de un bosón Z en vez 
   de un fotón.
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Broadly speaking, the differential cross sections for jet production in hadron–hadron
collisions are approximately constant in pseudorapidity, implying that roughly equal
numbers of jets are observed in each interval of pseudorapidity shown in
Figure 10.27, reflecting the forward nature of jet production in pp and pp colli-
sions.

10.9.2 The Drell–Yan process

The QED production of a pair of leptons in hadron–hadron collisions from the
annihilation of an antiquark and a quark, shown in Figure 10.28, is known as the
Drell–Yan process. It provides a useful example of a cross section calculation for
hadron–hadron collisions, in this case pp → µ+µ−X, where X represents the rem-
nants of the colliding hadrons.

The QED annihilation cross section for e+e− → µ+µ− was calculated in
Chapter 7. The corresponding cross section for qq→ µ+µ− annihilation is

σ(qq→ µ+µ−) =
1

Nc
Q2

q
4πα2

3ŝ
, (10.42)

where Qq is the quark/antiquark charge and ŝ is the centre-of-mass energy of the
colliding qq system. The factor 1/Nc, where Nc = 3 is the number of colours,
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The rapidity of the µ+µ− system is given by

y =
1
2

ln
(

E3 + E4 + p3z + p4z

E3 + E4 − p3z − p4z

)
=

1
2

ln
(

Eq + Eq + pqz + pqz

Eq + Eq − pqz − pqz

)
,

where the equality of four-momenta of the µ+µ− system and that of the colliding
partons follows from energy and momentum conservation. The four-momenta of
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From (10.47) and (10.48), x1 and x2 can be written in terms of M and y,

x1 =
M√

s
ey and x2 =

M√
s
e−y. (10.49)

The differential cross section in terms of dx1dx2 can be expressed in terms of dy dM
using the determinant of the Jacobian matrix for the coordinate transformation
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where the partial derivatives obtained from (10.47) and (10.48) give

dy dM =
s

2M
dx1dx2.

Hence the differential cross section of (10.46) can be expressed as

d2σ =
4πα2

9M2 f (x1, x2)
2M

s
dy dM,

where

f (x1, x2) =
[

4
9

{
u(x1)u(x2) + u(x1)u(x2)

}
+ 1

9

{
d(x1)d(x2) + d(x1)d(x2)

}]
,

and thus, the Drell–Yan differential cross section, written in terms of the invariant
mass and rapidity of the µ+µ− system, is

d2σ

dy dM
=

8πα2

9Ms
f (x1, x2),

where x1 and x2 are given by (10.49).
The above treatment of the Drell–Yan process considered only the QED photon-

exchange diagram. However, any neutral particle which couples to both quarks
and muons can contribute. For example, Figure 10.29 shows the measured differ-
ential cross section for pp → µ+µ−X from the CDF experiment at the Tevatron,
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!Fig. 10.29 The measured Drell–Yan cross section in pp collisions at
√

s = 1.8 TeV in the CDF detector at the Tevatron
collider. Adapted from Abe et al. (1999).

which operated from 1989 to 2011. The strong enhancement in the cross section
at Mµ+µ− ∼ 91 GeV is due to the resonant production of the Z boson, through the
annihilation process qq→ Z→ µ+µ−. The Drell–Yan process also provides a way
of searching for physics beyond the Standard Model through the production of new
massive neutral particles that couple to both quarks and leptons, through the pro-
cess qq → X0 → µ+µ−. To date, no such signals of physics beyond the Standard
Model have been observed.

10.9.3 Jet production at the LHC

The Large Hadron Collider at CERN is the highest energy accelerator ever built. It
is a pp collider designed to operate at an ultimate centre-of-mass energy of 14 TeV.
The LHC commenced full operation at

√
s = 7 TeV in 2010 and ran at

√
s =

8 TeV in 2012. The most common, although not the most interesting, high-energy
process at the LHC is the QCD production of two-jets. Figure 10.30 shows an
example of a two-jet event recorded at

√
s = 7 TeV in the ATLAS experiment.

Since the colliding partons have no momentum transverse to the beam axis, the
jets are produce back to back in the transverse plane and have equal and opposite
transverse momenta, pT. In the other view, the jets are not back to back due to
the boost of the final-state system from the net momentum of the colliding partons
along the beam axis, (x1 − x2)

√
s/2.

The cross section for the production of two jets from the t-channel gluon
exchange process qq→ qq is given by (10.31),
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• El LHC es el acelerador de más alta energía jamás construido. Es un colisionador de pp diseñado para 

llegar a una energía del cm de 14 TeV. 

• En sus dos primeras corridas, ha recolectado gran cantidad de datos a una energía de centro de 
masa 7 TeV (Run 1) y 13 TeV (Run 2) 

• El proceso más común de alta energía en el LHC es la producción de  
QCD de dos jets.
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!Fig. 10.30 An example of a pp → two-jets X event observed in the ATLAS detector a the LHC: (left) the transverse
view (perpendicular to the beam direction) and (right) the yz-view with the z-axis along the beam direction.
Reproduced courtesy of the ATLAS collaboration.
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ŝ

)2 ,

where Q2 = −q2 and ŝ = x1x2s is the centre-of-mass energy of the colliding
quarks. The contribution to the proton–proton cross section, expressed in terms of
the parton density functions, is therefore

dσ
dQ2 =

4πα2
S

9Q4


1 +

(
1 − Q2

sx1x2

)2 g(x1, x2) dx1dx2.

where g(x1, x2) is the sum over the products of the relevant parton distribution
functions for the scattering process qq→ qq, which for up- and down-quarks is

g(x1, x2) = [u(x1)u(x2) + u(x1)d(x2) + d(x1)u(x2) + d(x1)d(x2)] .

The differential cross section therefore can be written as

d3σ

dQ2 dx1 dx2
=

4πα2
S

9Q4


1 +

(
1 − Q2

sx1x2

)2 g(x1, x2). (10.50)

This expression has three degrees of freedom; one from the underlying elastic
scattering process, here written in terms of Q2, and one from each of the parton
momentum fractions, x1 and x2. In the process pp → two-jets X, the experimen-
tally well-measured quantities are the rapidities of the two final-state jets, y3 and
y4, and the magnitude of the transverse momentum, pT (which is the same for both
jets). Equation (10.50) can be written in terms of these measured quantities using
the determinant of the Jacobian for the coordinate transformation from {Q2, x1, x2}
to {pT, y3, y4} (see Problems 10.6 and 10.7). In principle, given knowledge of the
PDFs, it would be possible to calculate the lowest-order QCD contribution to the
LHC two-jet production cross section from the process qq → qq and express it
in terms of these three experimental observables. However, qq → qq is just one
of a number of parton-level processes that contribute to pp → two-jets X at the
LHC. For example, some of the other Feynman diagrams resulting in a two-jet
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